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Abstract: W e start our analysis by deriving a m aster equation that describes the
motion of a eld with arbitrary spin s on a 3-brane embedded in a non-rotating,
uncharged (4 + n)-din ensional black hole background. By num erical analysis, we
derive exact results for the greybody factors and em ission rates for scalars, ferm ions
and gauge bosons em itted directly on the brane, for all energy regim es and for an
arbitrary number n of extra din ensions. T he relative em issivities on the brane for
di erent types of particles are com puted and their dependence on the dim ensionality
of spacetin e is dem onstrated | we therefore conclude that both the am ount and
the type of radiation em itted can be used for the determ ination of n if the Haw king
radiation from these black holes is cbserved. The em ission of scalar m odes in the
buk from the sam e black holes is also studied and the relative buk-to-brane energy
am issivity is accurately com puted. W e dem onstrate that this quantity varies consid-
erably with n but always ram ains an aller than unity | this provides m support
to earlier argum ents m ade by Em paran, H orow itz and M yers.
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1. Introduction

M otivated by the desire to explain the hierarchy problem | that is, the sixteen
orders of m agnitude di erence between the electrow eak energy scale and the P lanck
scale | models that postulate the existence of extra dim ensions have been revived
and extensively studied during the last few years after the work by A rkaniHam ed,
D imopoulosand Dvali (ADD ) [1]and Randalland Sundrum (RS) [2] (for som e early
works, see [3]). In the standard version of those works the Standard M odel elds
are localized on a 3-brane, which plays the role of our 4-din ensional world, while
gravity can propagate both on the brane and In thebulk | the spacetin e transverse
to the brane. In theories w ith lJarge extra din ensions the traditional P lanck scale,
Mp; 1068 Gev, is only an e ective energy scale derived from the fundam ental
higherdin ensional one, M , through the follow Ing relation [1]

M2,  M"TPR": (1)



T he above relation Involves the volum e of the extra din ensions, V R", under the
assum ption thatR is the comm on size ofalln extra com pact din ensions. T herefore,
if the volum e of the intemal space is large (ie. ifR ‘o, where o,= 10 m is
the Planck length) then M can be substantially Iower than M p ;.

Inthereginer R ,theextra dim ensions open up’and gravity becom es strong.
Hence,Newton’s law for the gravitational interactions in this regin e ism odi ed, w ith
the gravitational potential assum ing a 1=r"*! dependence on the radial separation
betw een twom assive particles. Experim ents w hich m easure the gravitational inverse-
square law at short scales can provide Iim its on the size of the extra din ensions, or
equivalently on the value of the fundam entalscaleM ;forn = 2 such m easuram ents
gwveM > 35TeV 4] (then = 1 case has already been excluded by astronom ical
data). Since gravitons can propagate both in the bulk and on the brane, m assive
KaluzaX lein (KK ) graviton states can m odify both the cross sections of Standard
M odel particle interactions and astrophysical or coam ological processes. T he absence
of signatures of production of either real or virtualK K gravitons at colliders puts a
relatively weak lowerlim ftonM | from 145TeV (forn= 2)t0 06 TeV (n= 6) B1.
M uch m ore stringent constraints arise if one considers astrophysical or cosm ological
processes; ignoring the system atic errors, these constraints exclude by far even the
n = 3 case, while allow ing m odels w ith M 1 TeV and n 4 [6].

If extra din ensions w ith R ‘b1 exist, then black holes with a horizon radius
1y an aller than the size of the extra dim ensions R are virtually higherdin ensional
ob Ects centered on the brane and extending along the extra dim ensions. Tt has
been shown that these sm all black holes have m odi ed properties, ie. they are
larger and colder com pared to a 4-din ensional black hole with exactly the same
massM gy [7]. O ne strking consequence of the theordies w ith Jarge extra dim ensions
is that the lowering of the fundam ental gravity scale allow s for the production of
such m iniature black holes during high energetic scattering processes w ith centre-of-
m ass energy P s M [8{14]. Argum ents based on Thome’s hoop confcture [15]
predict the creation of a black hole in the case w here any tw o partons of the colliding
particles pass w ithin the horizon radius corresponding to their centre-ofm ass energy.
T he black holes created w illhave a m ass equal to a fraction ofp s varying from 0.84
down to 0.58 depending on the details of the scattering process and the num ber of
extra dim ensions [16]. Provided that the m ass of the black hol is larger than a
few tin es the fiindam ental P lanck m ass, these ob fcts could still be treated sam i-
classically. M iniature black holes m ay be created in the atm osphere of the earth
(during scattering processes of coan ic rays) and at future particle colliders, if the
fundam ental energy scale is low enough. Several aspects of these processes have been
studied in Refs. [17{22].

O nce produced, these m Iniature black holes are expected to decay aln ost instan—
taneously (typical lifetinesare  10%° s). According to Refs. [9,13], the produced
black holesw illgo through a num ber of phases before com pletely evaporating. T hese



are:

The lalding phase: the black hole am its m ainly gravitational radiation and
sheds the *hair’ inherited from the original particles, and the asymm etry due
to the violent production process.

T he spin-down phase : the typically non—zero in pact param eter of the collid—
ing partons leads to black holes w ith som e angular m om entum about an axis
perpendicular to the plane. D uring this phase, the black hole loses its angu—
lar m om entum through the em ission of H aw king radiation [23]and, possibly,
through superradiance.

T he Schwarzschild phase : a spherically-sym m etric black hole loses energy due
to the am ission of H aw king radiation. This results in the gradual decrease of
itsm ass and the increase of its tem perature.

The Planck phase: the m ass and/or the Hawking tem perature approach the
Planck scale | a theory of quantum gravity is necessary to study this phase
In detail.

A s in the 4-dim ensional case [24], it is reasonable to expect that the Schwarz—
schild phase in the life ofa an allhigher-din ensionalblack hole w illbe the Ionger one,
and w ill account for the greatest proportion of the m ass loss through the em ission of
Haw king radiation. T hroughout this paper, we w ill focus on the am ission of energy,
In both branedocalized and bulk m odes, from a non-—rotating, uncharged (4 + n)-
din ensional black hole. Initially we w ill consider the em ission of particle m odes on
the brane, which is the m ost phenom enologically interesting e ect since it involves
Standard M odel particles. W e w ill start by deriving a m aster equation describing the
motion ofa eld with arbitrary soin s in the spherically-sym m etric black hole back—
ground induced on the brane | thisw ill help resolve am biguities present in sin ilar
equations which have previously appeared in the literature. W e will then produce
exact num erical results for the greybody factors and em ission rates for each type of
particle and for an arbitrary num ber n of extra dim ensions, and com pare them w ith
those derived from earlier analytic studies of the Schw arzschild phase [25,26]. W ew ill
show that the full analytic results derived In [26] closely follow the exact results in
the low —and interm ediate-energy regin esw hile the pow er expansion em ployed in [25]
can accurately describe only a very lin ited low -energy regin e, especially in the case
of scalar elds. Themapr ain of this study is to dem onstrate the dependence of
the above quantities on the din ensionality of spacetim e in all energy reginm es. T his
m Ight serve as a tool for reading’ the num ber of extra dim ensions existing in nature
if the spectrum of H aw king radiation em itted by these am all black holes is detected.
Tn the fram ew ork of the sam e analysis, we w ill also derive the relative am issivities for



scalars, ferm ions and gauge bosons and dem onstrate how these change as the num —
ber of extra dim ensions pro pcted onto the brane varies | a potentially additional
signature to be usad in the determ ination ofn.

In Ref. [27], it was argued that the m a prity of energy during the em ission of
Hawking radiation from a higherdim ensional black hole is em itted into m odes on
the brane (ie. Standard M odel ferm ions and gauge bosons, zero-m ode gravitons and
scalar elds). Thisargum ent was based on their result that a single zero-m ode brane
particle carries as much energy as the whole KaluzaXK lein (KK ) tower of m assive
excitations propagating in the buk | the abundance of brane m odes com pared to
bulk m odes then leads to the aforem entioned conclusion. In thispaper, we also study
the em ission of buk scalarm odes from a (4+ n)-din ensionalblack hole,and com pare
the totalbuk and brane em issivities In an attem pt to con m or disprove the above
argum ent. O ur analysis In proves the heuristic argum ents m ade in [27] and for the

rst tin e provides exact and detailed results conceming the relative bulk and brane
am issivities in all energy regim es and for various values of n.

W e start our analysis In section 2 by presenting the basic form ulae and as—
sum ptions for the gravitational background and eam ission rates from sm all higher-
din ensional black holes. In section 3, we present a m aster equation describing the
m otion of scalars, ferm ions and gauge bosons in the 4-dim ensional induced back—
ground | the basic steps of this calculation are given in the A ppendix; In the sam e
section, we also de ne the corresponding greybody factor and em ission rates and
discuss analytic and num erical m ethods for com puting these quantities. Exact nu—
m erical results for em ission on the brane (for scalars, ferm ions and gauge bosons) are
presented in section 4, as well as a discussion of the relative em issivities and their
dependence on n. T he em ission ofbulk scalarm odes is thoroughly studied in section
5, and our results for the relative buk-todbrane em issivities are also presented in this
section. O ur conclusions are sum m arized in section 6.

2. Basic Form ulae and A ssum ptions

Let us start with the form of the gravitational background around a non-rotating,
uncharged (4 + n)-din ensional Schwarzschild black hole. T he lineelem ent is given
by [28]

ds’= h(r)dt+ h(r) ' dr+ r*d 3, . ; (21)
w here
Iy n+1
h(r)=1 — ; (22)
and w ith the angular part given by
d i, =d’ +sn® .1 dl+sh® , m+sin® ,d i+ sh®  d7%)m :(23)



In the above, 0 < / < 2 and 0 < ;< ,fori= 1;uyn+ 1. By using an
analogous approach to the usual 4-din ensional Schwarzschid calculation, ie. by
applying G auss’ law in the (4 + n)-dim ensional spacetim e, we obtain the follow ing
horizon radiis

1 M 408 ne3 LA

BH n+ 1 2
= @Q__ ¢ A . 24
1 = .
" M M n+ 2 ’ (24)

where M gy is the mass of the black hole. The black holes being considerad in
this work are assum ed to have horizon radii satisfying the relation “; Iy R.
T he form er Inequality quarantees that no quantum corrections are im portant in our
calculations, while the latter is necessary for these black holes to be considered as
higherdin ensional ob fcts. The tension of the brane on which the black holk is
centered is assum ed to bem uch an aller than the black holem ass and thus it can be
Ignored in our analysis.

A Dblack hol of a particular horizon radius ry is characterized by a Hawking
tem perature related by the expression

n+ 1)

25
1 o (2.5)

Tgu =

T he above tam perature gives rise to aln ostblackbody radiation. The ux spectrum ,
ie. the num ber of particles em itted per unit tim e, is given by [23]

aN Sy X 1 ar’k
_ Sy S (2.6)
dt ’ exp (!=Tgy ) 1(2 P*
while the power spectrum , ie. the energy em itted per unit tin e, is
de ® (! X ! a"* *k
e ql : (2.7)
dt ) eXp(!=TBH) 1(2 )n+3

In the above, s is the spin of the degree of freedom being considered and / is the
angularm om entum quantum num ber. T he spin statistics factor in the denom nator
is 1 forbosonsand + 1 for farm jons. Form assless particlkes, kj= ! and the phase-
Space integral reduces to an integralover ! . The tem in front, ,(S)(! ), is the so—
called greybody’ factor ' which encodes valuable inform ation for the structure of the
Spacetin e around the black hole (which am its the H aw king radiation) including the
din ensionality of spacetin e. T hisquantity can bedetermm ined by solving the equation
of m otion of a particular degree of freedom in the aforam entioned background and

(s

com puting the corresponding absorption coe cient A . . Then,wemay write [29]

2r 4 1)=2] 2+ n+ 1) (“+
ntine2 !

|
D) eg, 2.8)

’(s)(! ):

T he quantity ) (!) is altermatively called the absorption cross section. It is also comm on in

the literature to refer to the absorption probability A Es)f,related o (!) through Eq. ),as
the greybody factor.



A s the decay progresses, the black holem assdecreases and the H aw king tem perature
rises. Tt isusually assum ed that a quasistationary approach to the decay isvald |
that is, the black hole has tin e to com e into equilibbrium at each new tem perature
before the next particle is em itted. W e w illm ake this assum ption also here.

We would lke nally to stress that Egs. () and (.]) refer to ndividual
degrees of freedom and not to elem entary particles, like electrons or quarks, which
contain m ore than one polarization. Combining the necessary degrees of freedom
and their corresgponding ux or power spectra, the num ber of elem entary particles
produced, and the energy they carry, can be easily com puted. Form ore inform ation
on this, we refer the reader to Ref. [30]where a Black Hole Event G enerator has
been constructed. T his sin ulates both the production and decay of am allblack holes
at hadronic colliders and, by using the results for the greybody factors derived here,
provides estin ates for the num ber and spectra of the di erent types of elem entary
particles produced.

3. G reybody factors for Em ission on the B rane

T he greybody factorsm odify the spectrum of em itted particles from that ofa perfect
therm al blackbody even in four dim ensions [23]. For a 4-din ensional Schwarzschid
black hole, geom etric argum ents show that, in the high-energy regine, AT /

(! 1y )*> which m eans that the greybody factor at high energies is independent of
! and the spectrum is exactly like that of a blackbody for every particle species
[24,31,32]. T he Iow -energy behaviour, on the other hand, is strongly spin-dependent.
A common feature for edswith soin s= 0, % and 1 is that the greybody factors
reduce the low -energy em ission rate signi cantly below the geom etrical optics value
[24,33]. The result is that both the power and ux spectra peak at higher energies
than those for a blackbody at the sam e tam perature. The spin dependence of the
greybody factorsm eans that they are necessary to determ ine the relative am issivities
of di erent particle types from a black hole (at present these are only available in

the literature for the 4D case [24,32]).

T he procedure for calculating greybody factors needs to be generalised to in—
clude em ission from an all higherdin ensional black holes with ry < R which aemn it
radiation either In the bulk or on the brane. A nalytical studies [25,26 ] have shown
that the greybody factors in that case have a strong dependence on the num ber of
extra din ensions. T he dependence on both energy and the num ber of din ensions
m eans that the exact form of the greybody factors should be taken into account in
any attem pt to determ ne the num ber of extra din ensions by studying the energy
goectrum of particles em itted from a higherdim ensionalblack hole. In this section,
aswellas in section 4,we w ill focus on the em ission of brane-localised m odes leaving
the study of bulk am ission and of relative buk—+todbrane em issivity for section 5.



T he brane-localised m odes propagate In a 4-dim ensional black hole background
which is the profction of the higherdin ensional one, given in Eqg. (2.1), onto the
brane. The induced m etric tensor follow s by xing the values of the extra angular
coordinates, ;= =2fori 2,and it is found to have the form

ds’=  h(r)df+ h(r)tdri+ r* d %+ sin® 4d’?): (3.1)

T he greybody factors are determ ined from the am plitudes of In-going and out-
going waves at In nity so the essential requirem ent is to solve the equation ofm otion
of a particle propagating in the above background . For this purpose, w e have derived
n the Appendix a generalised m aster equation for a particle w ith arbitrary spin s,
sin ilar to the one derived by Teukolsky [34]. Fors = % and 1, the equation ofm otion
has been derived by using the Newm an-Penrose m ethod [35,36], while for s= 0 the
corresponding equation follow s by the evaluation of the double covariant derivative
g D D actingon the scalar eld. T hederived m aster equation is separable n each
case and, by using the factorization

s=e e Ro@)SIy( ); (32)
we obtain the radial equation

: 12 | 0
4 w1 Ra '12+2i!sr istr'h

where = hr 2. The corresponding angular equation has the om

! !
dsg, 2m scot m ?
_ + -

1
>~ + S gCOf + a1 SISn;l( )= 0;

sin

d |
d = d sin sin
(34)
where Y} = €™’ ST, ( )areknown as the spin-weighted sphericalham onicsand o
is a sgparation constant which is found to have the value 4 = 1(1+ 1) s(s+ 1)
[37]. For s = 0, Eg. (3.3) reduces as expected to Eq. (41) of Ref. [25] which
was used for the analytical study of the em ission of brane-localised scalar m odes
from a spherically-sym m etric higher-din ensional black hole. Under the rede nition
Ry = Py, Eqg. ) assum es a form sin ilar to that of Eq. (11) ofRef. [26]which
was used for the study of branelocalised ferm ion and gauge boson em ission. The
two equations di er due to an extra term in the expression of the latter one, which

although vanishing for s= % and 1 (thus leading to the correct results or the grey—

2

body factors for farm ion and gauge boson elds) gives a non-vanishing contribution
for all other values of s. T herefore, the generalized equation derived by Cvetic and
Larsen [38]can notbe considerad as a m aster equation valid foralltypes of elds. A

sim ilar equation was derived in R ef. [39] but due to a typographical error the m ul-

tiplicative factor s in front of the ®P<erm ism issing, thus leading to an apparently



di erent radial equation for allvalues of s. T herefore, before addressing the question
of the derivation of the exact form s of the greybody factors in the brane background,
the derivation of a consistent m aster equation was In perative. T his task was indeed
performm ed, w ith som e of the steps of the calculation presented in the A ppendix, and
has Jed to the aforem entioned Egs. (33) and 34).

For the derivation of the greybody factors associated w ith the aem ission of elds
from the profcted black hole, we need to know the asym ptotic solutions of (33)
bothasr! 1 andasr! 1 .In the form er case, the solution is of the form

where
dr 1
—_— = — (3.6)
dr h(r)

W e In pose the boundary condition that there is no outgoing solution near the
horizon of the black hole, and therefore set Aéi)t = 0. The solution at in nity is of
the form

ilr il'r
1)_ A€ ) © i
Rs = Ay r + Ayt y2s+ 1 ’ (3.7)
and com prises both in-going and outgoing m odes.
T he greybody factor .(!) for the am ission of brane-localised m odes is related
to the energy absorption coe cient A . through the sin pli ed relation
M= s e HETS; (3.8)

w here henceforth quantities w ith a ‘hat’ w ill denote quantities associated with the
em ission of braneJocalised m odes. The above relation ©lows from Eq. 4) by
setting n = 0 since the am ission of brane-localised m odes is a 4-dim ensional process.
In the sam e way, the power spectrum of the H aw king radiation em itted on the brane
can be com puted by the 4-din ensional expression
dE (1) X ! &’k
oL Yesim 12 r

(3.9)

Note, however, that the absorption coe cient )\ still depends on the num ber of
extra din ensions since the profcted m etric tensor @B.]) carries a signature of the
din ensionality of the bulk spacetin e through the expression of the m etric function
h(r). The absorption coe cient itself isde ned as

1) (h)

out in
= —057 (3.10)

(1) 1)

in an

In termm s of the energy uxes evaluated either at in nity or at the horizon. The two

F
F

Kf=1

de nitions are related by sin ple energy conservation and lead to the sam e results.
Both of them m ay be used for the detem ination of the absorption coe cient, de—
pending on the type of particle em itted and the m ethod of the study, num erical or
analytic, which is followed.



3.1 A nalytic calculation

T he greybody factors have been determm ined analytically for the 4-dim ensional case
In Refs. [24,32] both for a rotating and non-rotating black hole. Tn the (4 + n)-
din ensional case, Refs. [25,26] have provided analytic expressions for the grey-—
body factors for the em ission of scalars, ferm ions and gauge bosons from a higher—
din ensional Schw arzschild-like black hole em itting radiation both in the buk and on
the brane, and for an arbitrary num ber of extra dim ensions n. Ref. [39] presented
analytic results for the greybody factors for the em ission of brane-localized m odes
from a K err-like black hole in the particularcase ofn = 1. A llthe above results were
derived in the low -energy approxin ation where the procedure usad is as follow s:

Find an analytic solution in the nearhorizon regin e and expand as in-going
and out-going waves so that the A ™) coe cients can be extracted.

Apply the boundary condition on the horizon so that the wave is purely out—
going.

Find an analytic solution in the far- eld regim e and again expand as in-going
and out-going waves.

M atch the two solutions in the interm ediate regin e.

Extract A and expand in powers of (! 1y ).

The solution obtained by follow Ing the above approxin ate m ethod is a power
series n !y , which is only vald for low energies and expected to signi cantly
deviate from the exact result as the energy of the em itted particle increases (thiswas
pointed out in [24,33] for the 4-dim ensional case). In [26], the full analytic result
for the absorption coe cient (before the nalexpansion wasm ade) was used for the
evaluation of the am ission rates for all particle species. T he range of validity of these
results, although im proved com pared to the power series, was still lin ited since the
assum ption of an all ! ry was stdllm ade during the m atching of the two solutions in
the Interm ediate regin e. A s the equations of m otion for all types of particles are too
cum bersom e to solve analytically for any value of ! ry; , it becom es clear that only an
exact num erical analysis can yield the full results for greybody factors and em ission
rates.

3.2 N um erical calculation

T here are various num erical issuesw hich arise w hile trying to do the fiillcalculation of
the absorption coe cient; the com plexity of these problam s strongly depends on the

spin s of the am itted particle. T he usual num erical procedure starts by applying the
required horizon boundary condition (a vanishing outgoing wave) to R4(r). Then,



(1)
in

the solution is integrated out to “in nity’ and the asym ptotic coe cient A is
extracted In term s of which A . can be calculated.

By looking at the asym ptotic solution at in nity, Eq. 8.]), one can see that,
for the scalar case, the Ingoing and ocutgoing waves are of com parable m agnitude.
T herefore it is relatively easy to extract the coe cientsat in nity and thusdetermnm ine
the greybody factor. However for eldsw ith non-vanishing spin, ie. farm ions, vector
bosons and gravitons, this isnotan easy task. F irst ofall,di erent com ponents carry
a di erent part of the em itted eld: the upper com ponent , ¢ consistsm ainly of the
In-going wave w ith the out-going one being greatly suppressed, while for the lower
com ponent ¢ the situation is reversed (fora eld with spin s6 0, only the upper
and lower com ponents are radiative). D istinguishing between the two parts of the
solution, In-going and outgoing, is not an easy task no m atter which com ponent we
ook at, and it becom es m ore di cult as the m agnitude of the spin increases. In
addition, the choice of either positive or negative s to extract the greybody factor,
ie. using either the upper or the lower com ponent, a ects the num erical issues.

If s is negative, then the horizon boundary condition is easy to apply because
com ponents of the iIngoing solution on the horizon w ill be exponentially suppressed
[see Eq. (B.3) abovel. However, negative s also m eans that at in nity the out-going
solution is enhanced by r %° with respect to the in-going one [see Eq. (3.])], which
m akes accurate determ ination of A;l] ) very di cult. H ence the negative s approach
isnotused in thiswork.

On the other hand if s is positive, it is easy to accurately extractA}i )
the out-going solution at in nity is suppressed by a factor of r % . However, close
to the horizon the outgoing solution is exponentially an aller than the in-going one.
T hism eans that the solution forR ¢ (r) can be easily contam inated by com ponents of
the outgoing solution. This problem becom es worse for larger s and st becom es

because

signi cant fors= 1.

Forn = 0,variousm ethods (see eg. [40]) have been used to sokve the num erical
problem s which arise in the gauge boson case. The approach of Bardeen in [40] is
also applicable forn = 1, but no analogous m ethod was found for higher num bers
of extra din ensions. Here, an altemative transform ation of the radial equation was
used Instead. W ritihg y = r=ry and R, = yF (y)e ¥ ,the wave equation becom es

, d°F _ dr
hy*)—+ 2yt 1imny)-— 11+ 1)F = 0O: (311)
dy? dy
Since on the horizon vy = 1 and h = 0, the boundary conditions become F (1) = 1

and

dr ad+ 1)
= == (3.12)
dy y=1 2! Iy

For ferm ions, no such transform ation was necessary and so the radial equation
of Eg. (3.3) was used. However the application of the boundary condition at the

10



horizon is m ade slightly easier by the transform ation P = °R 4, which m eans that
the asym ptotic solution at the horizon becom es

Ps(h):Afh)ei!r _I_A(h) sei!r . (313)

in out

Since we require Aéi)t = 0, suitable boundary conditions to apply, when solving the

di erential equation forPg, are that,asr ! 1y,

P.=1; (3.14)
while using Eq. (38.4), we also obtain
dPg . dr i!
T : (315)
dr dr h(r)

T he above boundary conditions ensure that jﬁ.g)f = 1. The asym ptotic form for Pg
at iIn nity now looks like

ilr ilr
e

(3.16)

: +
s in ¥l 2s out

sihce ! r?asr! 1.

T here are various considerations which must be taken Into account In order to
obtain results to the required accuracy (at least three signi cant gures). Firstly,
although the horizon boundary condition can not be applied exactly at ry (due
to sihgularities in the boundary condition and the di erential equation) the error
Introduced by applying the condition at r = r. (where r, b Iy ) must be
an all. This can be checked by studying changes in the greybody factors for order of
m agnitude changesin r. 1 . Sin flarly itm ustbe checked that the value ofr used as
an approxin ation for “in nity’doesnot introduce errorsw hich w illa ect the accuracy
of the result. Care must also be taken that the num erical integration procedure is
su clently accurate out to large values of r so that signi cant integration errors
are avolded. Finally, for each energy being considered, enough angular m om entum
m odes m ust be included in the summ ation so that only higher m odes which do not
contrbute signi cantly are neglected. For the higher values of ! ry considered in
thiswork thism eans that the contrlbutions from In excess of ten angularm om entum
m odes are required.

4, N um ericalR esults for B rane Em ission

Tn this section, we proceaed to present our results for the greybody factors and em is-
sion rates for brane-docalised scalar, ferm ion and gauge boson elds, as obtained
by num erically solving the corresponding equations of m otions. The de nition of
the absorption coe cient A . is di erent for each type of eld due to their di erent
asym ptotic behaviour in the far- edd regin e and also due to m ore fundam ental dif-
ferencesbetween eldsw ith zero and non—zero spin. W e w ill, therefore, consider each
case separately:
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4.1 Spin 0 elds

The num erical integration of Eq. (833) for s = 0 yields the solution for the radial
function R (r) which sm oothly interpolates between the asym ptotic solutions (3.13)
and (314) In the nearhorizon and far- eld regin es respectively. The absorption
coe clent is easily de ned in temn s of the ngoing and outgoing energy uxes at
n nity, orequivalently by the corresponding wave am plitudes in the sam e asym ptotic
regin e, given by Ai,l] " and A&lt) respectively. W em ay thus write Eq. (310) in the
form [25]

(4.1)

where R . is the corresponding re ection coe cient.

The plot presented in Figure [l shows, for di erent values of n, the greybody
factors for the am ission of scalar elds on the brane (note that, throughout our
num erical analyses, the horizon radius ry is an arbitrary input param eter which
ram ains xed). T he greybody factor is derived by using Eq. (B.8),which isvald for
the am ission of brane-localised m odes, and summ ing over the angular m om entum
num ber ‘ (for com pleteness, the plots include values of n ruled out on astrophysical
grounds, ie. n = 1;2). Forn = 0Oand 'y ! 0, the greybody factor assum es a
non—zero valuewhich isequalto 4 rZ | thatis, the greybody factor for scalar elds
with a very low energy is given exactly by the area of the black hole horizon. A s
the energy increases, the factor soon starts oscillating around the geom etrical optics
Imit 4 = 27 rZH =4 which corresponds to the spectrum of a blackbody with an
absorbing area of radius r. = 3 3 1y =2 [31,32]. If extra dim ensions are present, the
greybody factor starts from the sam e asym ptotic low -energy value, for any value of

10 T T T T T

8l / e - .
| e

/

n=1

00s() [1m]

2+ n=6 b

0 L L L L L
0 0.2 0.4 0.6 0.8 1.0 1.2

wr,

Figure 1: G reybody factors for scalar em ission on the brane from a (4 + n)D black hole.
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n,and it again starts oscillating around a lin iting high-energy value, which isalways
Jow er than the 4-dim ensional one. T his is because the e ective radius r. depends on
the dim ensionality of the bulk spacetim e through the m etric tensor of the pro fcted
spacetin e (37) in which the particle m oves. For arbitrary n, it adopts the value [27]

s
n+3 Y1 n4+ 3

2 n+ 1

= Iy (42)
T he above quantity kesps decreasing asn increases causing the asym ptotic greybody
factor, 4 = rg, to becom e m ore and m ore suppressed as the number of extra
din ensions pro gcted onto the brane gets larger.

T he power series expression of the greybody factor determ ined in [25]m atches
the exact solution only in a very lin ited low-energy regine. In the Iimit 'y ! O,
the asym ptoticvalue 4 1 is recovered as expected ; how ever, as the energy increases
the exact solution rapidly deviates from the behaviour dictated by the dom inant
term In the !y expansion. This was rst demonstrated in [26], where the full
analytic result for the greybody factor was determm ined. The behaviour depicted
in Figure 3 of Ref. 26] ismuch closer to the exact one, shown here in Figure I,
and successfillly reproduces the qualitative features Including the suppression of the
greybody factor as the dim ensionality of the bulk spacetin e increases. N evertheless,
as previously stated, even that result breaks down in the high-energy regim e leaving
the exact num erical solution produced here as the only reliable source of inform ation
conceming the form of the greybody factor throughout the energy regin e.

Proceading to com pute the energy em ission rate for scalar elds on the brane,
by using Eq. 83),we nd that the suppression of the greybody factor w ith n does

107 | g
1072 |

103 |

PEO/dtdo [r!]

10* 1/

10° |} 4
n=0

10°® | 4
1 1 1

0 0.5 1.0 15 2.0
wr,

Figure 2: Energy am ission rates for scalar eldson the brane from a (4+ n)D black hole.
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not necessarily lead to the suppression of the em ission rate itself. T he behaviour of
the di erential energy am ission rate in tim e unitdt and energy intervald! isgiven in
Figure[. T he ncrease in the tem perature of the black hole, and thus in its em issivity
power, asn increases overcom es the decrease in the value of the greybody factor and
leads to a substantial enhancem ent of the energy em ission rate. A s it becom es clear
from Figure[}, the increase in the number of din ensions profcted onto the brane
causes the enhancem ent of the peak value of the an ission curve by m any orders of
m agnitude, when com pared to the 4-dim ensional case. In addition, it leads to a
W den’s type of displacem ent of the peak, ie. to the shift of the peak towards higher
values of the energy param eter ! ry; , re ecting the Increase in the tem perature of the
radiating body.

In order to be able to clearly perceive the am ount of enhancem ent of the em ission
rate of the black hole as the num ber of extra din ensions pro fcted onto the brane
Increases, we com pute the total ux and power em issivities, for various values of
n, by ntegrating Egs. (2.4) and (2.]) over all energies. The results obtained are
disgplayed In Table 1. The relevant am issivities for di erent values of n have been
nom alized in temm s of those forn = 0. From the entries of the table, wem ay easily
see that both the ux of particles produced and the am ount of energy radiated per
unit tin e by the black hole on the brane are substantially enhanced, by orders of
m agnitude, as the num ber of extra din ensions increases.

Flux 1.0 4.75 130 274 493 799 121 172

Power 1.0 8.94 36.0 998 222 429 749 1220

Table 1 : Flux and Power Em issivities for Scalar F ields on the brane

4.2 Spin 1/2 elds

Unlike the case of scalar elds, the study of the em ission of eldsw ith non-vanishing
Soin Involves, In principle, the study of eldsw ith m ore than one com ponent. Equa—
tion (8.3) dependson the helicity num ber s which, upon taking di erent values, Jeads
to the radial equation fordi erent com ponents of the eld. A sm entioned in section
32, the upper and lower com ponents carry m ainly the in-going and outgoing parts,
respectively, of the eld. A lthough know ledge of both com ponents is necessary in
order to construct the com plete solution for the em itted eld, the determ ination of
either is m ore than adequate to com pute the absorption coe cient AAj , Where j is
the total angular m cm entum num ber. For exam ple, if the in-going wave is known

14



in the case of the em ission of edswith spin s = 1=2, Eqg. (3.10) m ay be directly
writen as [26] [38]

_ A
~N1=2) in
Ky f= ik (4.3)

The above follow s by de ning the incom ing_ ux of a farm onic eld as the radial
com ponent of the conserved current, J = = 2 ,, * °, integrated over a two-
din ensional sphere and evaluated both at the horizon and in nity.

T he greybody factor is again related to the aforem entioned albsorption probabil-
ity through Eq. (3.§) with ‘ being replaced by j. By num erically solving the radial
equation Eq. (33) and com puting AAglzz) , we obtain the behaviour of the greybody
factor, In tem s of the energy param eter ! ry and num ber of extra dim ensions n,
depicted in Figure[§. At low energies the greybody factor assum es, as in the case
of scalar elds, a non—=zero asym ptotic value; this depends on the dim ensionality of
2y withn in
the low -energy regim e persists up to interm ediate valuesof ! ry; , afterwhich the situ-
ation is reversed: asn takes on larger values, the greybody factor becom esm ore and
m ore suppressed. T he com plete analytic results derived in [26] successfiilly describe

both the low -energy behaviour and the existence of the “uming point’; however, as

Spacetin e and increases w ith increasing n. T he enhancem ent of

expected, they fail to give accurate inform ation for the high-energy regin e. F igurefj

show s that at high energies the greybody factors for farm ion  elds oscillate around

the sam e asym ptotic values [determ ined by the e ective radius ((J)] as for scalar
elds.

T he energy em ission rate for ferm ion  elds on the brane, for various values of n,

is shown In Figure . A sn ncreases, it is found to be signi cantly enhanced, both
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Figure 3: G reybody factors for fermm jon em ission on the brane from a (4+ n)D black hole.
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Figure 4: Energy en ission rates for ferm ions on the brane from a (4 + n)D black hole.

at low and high energies, m ainly due to the Increase in the tem perature of the black
hole. The em ission curves exhibit the sam e features as for the am ission of scalar
elds, ie. Increase of the height of the peak by orders of m agnitude and shift of the
peak towards higher energies. Som e quantitative results regarding the enhancem ent
of both the ux and power spectra for the em ission of ferm ions, as n increases, are
given In Tabl 2. Once again, the enhancem ent in both spectra with n is indeed
substantial, and even m ore in portant com pared to the one for scalar em ission.

n=0|n=1|n=2|n=3|n=4|n=5|n=6|n=7

Flux 1.0 9.05 276 582 103 163 240 335

Power 1.0 142 595 162 352 664 1140 | 1830

Table 2 : Flux and Power Em issivities for Femm ions on the brane

43 Spin 1 elds

In the case of the em ission of gauge boson elds, the Incom Ing ux can be com puted
by the (tr)-com ponent of the energy-m am entum tensor, T = 2 ,,0 ggo = a’B°
Integrated again over a two-din ensional sphere and evaluated at the horizon and
In nity. By making use of the solution for the In-going wave, the follow Ing expression
for the absorption probability, Eq. (B.10), is obtained [26] [381:

T 1 al?
5 f = E N

in
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Figure 5: G reybody factors for gauge boson em ission on the brane from a (4+ n)D black
hole.
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Figure 6: Energy em ission rates for gauge eldson the brane from a (4+ n)D black hole.

T he exact results for the greybody factors and energy em ission rates for gauge
boson elds are given in Figures f§ and [ respectively. A distinct feature of the grey—
body factor for gauge elds, already known from the 4-dim ensional case, is that it
vanisheswhen !y ! 0. T he sam e behaviour is observed for every value of the num —
ber of extra dim ensions. T his result leads to the suppression of the energy am ission
rate, In the low-energy regin e, com pared to the ones for scalar and ferm ion  elds.
U p to Interm ediate energies the greybody factors exhibit the sam e enhancem ent w ith
Increasing n as in the case of farm ion  elds, and as it was analytically shown in [26].
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A sin lar asym ptotic behaviour, as In the previous cases, is ocbserved in the high-
energy regin e w ith each greybody factor assum ing, after oscillation, the geom etrical
optics value w hich decreases w ith increasing n. T his result establishes the existence
of a universal behaviour of all types of particles em itted by the black hole at high
energies. T his behaviour is independent of the particle spin but strongly dependent
on the num ber of extra dim ensions pro gcted onto the brane.

W emay nally obtain, as in the previous cases, the total ux and power am is-
sivities for the em ission of gauge eldson the brane, in term s of the num ber of extra
din ensionsn. T he exact results obtained by num erically integrating over all energies
are given in Table 3. A s anticipated, the sam e pattem of enhancem ent w ith n isalso
observed for the am ission of gauge bosons. It is worth noting that the enhancem ent
observed In this case is the lJargest am ongst all types of particles | this result points
to the dom inance of the am ission of gauge bosons over other types of particles in
m odels w ith Jarge values of n, as we w ill shortly see.

n=0|n=1|n=2|n=3|n=4|n=5|n=6|n="7

Flux 1.0 192 80.6 204 403 689 1070 | 1560

Power 1.0 271 144 441 1020 | 2000 | 3530 | 5740

Table 3 : Flux and Power Em issivities for G auge F ields on the brane

4 4 R elative Em issivities for di erent species

Tt would be interesting to Investigate how the relative num bers of scalars, ferm ions
and gauge bosons, em itted by the black hole on the brane, change as the num ber of
extra din ensions pro Fcted onto the brane varies. In other words, we would lke to
know what type of particles the black hole prefers to am it, for di erent values of n,
and what part of the total energy each particular type of particle carries aw ay during
am ission.

C om paring the energy em ission rates (com puted in the previous sub-sections),
for di erent types of particles and for xed n, can give us the qualitative behaviour.
Figures[](a) and [](b) show , with a linear scale, the above quantities forn = 0 and
n = 6 respectively | note that these two gures summ arize very clearly the e ects
discussed in the previous sub-sections, ie. the orders-ofm agnitude enhancem ent
of the em ission rates and the W ien’s digplacem ent of the peak to the right, as n
Increases. Figure D (@) reveals that, in the absence of any extra din ensions, m ost of
the energy of the black hole em itted on the brane is in the form of scalar particles;
the next m ost Im portant are the fearm ion elds, and less signi cant are the gauge
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Figure 7: (a): Energy em ission rates for the em ission of scalars, ferm ions and gauge
bosons on the brane forn = 0. (b) : Thesame,butforn = 6.

bosons. A sn Increases, the em ission rates for all species are enhanced but not at the
sam e rate. Figure[](b) clearly show s that, for a Jarge num ber of extra dim ensions,
the m ost e ective “‘channel’ during the am ission of brane localized m odes is that of
gauge bosons; the scalar and ferm ion  elds follow second and third respectively. T he
change In the ux spectra, ie. In the num ber of particles produced by the black hole
on the brane, for each species is sin ilar as n increases.

Tn order to quantify the above behaviour, we com puted the relative am issivities
for scalars, ferm jons and gauge bosons em itted on the brane by integrating the ux
€4) and energy (2.]) em ission spectra, for di erent types of particles, over all ener—
gies. T he relative em issivities obtained in thisway are shown in Tablesf} and ff (they
are nom alized to the scalar values). N ote that the ratios forn 1 are available for
the 1rst tine in the literature as a result of this num erical work, whilke then = 0

s=0|s=2|s=1 s=0|s=2|s=1
n=20 1.0 0.37 011 n=20 1.0 0.55 023
n=1 1.0 0.70 045 n=1 1.0 0.87 0.69
n= 2 10 0.77 069 n= 2 10 091 091
n= 3 10 0.78 083 n= 3 10 0.89 1.00
n=4 1.0 0.76 091 n=4 1.0 0.87 1.04
n=>5 1.0 0.74 0.96 n=>5 1.0 0.85 1.06
n==~6 1.0 0.73 0.99 n==~6 1.0 0.84 1.06
n= 717 10 0.71 101 n= 717 10 082 1.07
B lackbody 10 0.75 10 B lackbody 10 087 10
Table 4: Flux en ission ratios Table 5: Power an ission ratios
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results would appear to be the m ost accurate ones available. The entries in these
tables re ect the qualitative behaviour discussed above for som e extram e values of
the num ber of extra dim ensions. Forn = 0, the scalar elds are indeed the type of
particles which are m ost comm only produced and the ones which carry away m ost
of the energy of the black hole am itted on the brane; the farm on and gauge elds
carry approxin ately 1/2 and 1/4, respectively, of the energy em itted in the form

of the scalar elds, and their uxes are only 1/3 and 1/10 of the scalar ux. For
Interm ediate values of n, the ferm ion and gauge boson am issivities have been con-
siderably enhanced com pared to the scalar one and have becom e of approxin ately
the sam em agnitude | eg. forn = 2 the am ount of energy spent by the black hole
for the em ission of ferm ions and gauge bosons is exactly the sam e, although the net
num ber of gauge bosons is still sub-dom inant. For large values of n, the situation is
reversed : the gauge bosons dom inate both ux and pow er spectra, w ith the em ission

of farm jons being the least e ective ‘channel’ both in temm s of num ber of particles
produced and energy em itted. W e rem ind the reader that the above results refer to
the am ission of individual scalar, ferm jonic or bosonic degrees of freedom and not to
elem entary particles.

W em ay thus conclude that not only them agnitude but also the type of ux and
pow er soectra produced by a an all, higherdin ensional black hole strongly depends
on the num ber of extra din ensions profcted onto the brane. T herefore, upon de-
tecting the H aw king radiation from such ob Fcts, the above distinctive feature could
serve as an altemative way to determm ine the num ber of extra din ensions that exist
n nature.

5.Em ission iIn the Bulk

An extram ely im portant question regarding the em ission of particles by a higher-
din ensional black hole is how much of this energy is radiated onto the brane and
how much is Jost in thebulk. In the form er case, the em itted particles are zero-m ode
gravitons and scalar elds as well as Standard M odel ferm ions and gauge bosons,
while in the latter case all am itted energy is in the form of m assive K aluzaK lein
gravitons and, possibly, scalar elds. In [27], it was shown that the whole tower of
KK excitations of a given particle carries approxin ately the sam e am ount of energy
as them assless zero-m ode particle em itted on the brane. C om bining this result w ith
the fact that m any m ore types of particles 1ive on the brane than in the buk, it was
concluded that m ost of the energy of the black hole goes into brane m odes. The
results obtained in [27]were only approxin ate since the dependence of the greybody
factor on the energy of the am itted particle was ignored and the (low -energy valid)
geom etric expression for the area of the horizon was usad instead.

Tn order to provide an accurate answer to the question of how much energy is
am itted into the bulk com pared to on the brane, it is im perative that the dependence
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of the greybody factor on both the energy and num ber of extra din ensions is taken
Into account (for a sin ilar but incom plete | sihce the dependence on the energy
was again gnored | argum ent in this direction, see [41]). Tn this section, we rst
thoroughly investigate the em ission of scalar m odes in the buk and produce exact
num erical results for the behaviour of greybody factors and energy em ission rates in
term s of the energy and num ber of extra din ensions. Subsequently, we address the
above question and provide a de nite answer by com puting, fordi erent values ofn,
the total bulk-to-brane relative em issivities.

5.1 G reybody Factors and Em ission R ates

TIn this section, we tum to the investigation of the em ission of bulk m odes from a
higherdin ensionalblack hole. T hisanalysis is relevant for gravitonsand scalar elds,
and requires know ledge of the solutions of the corresponding equations of m otion in
the buk. Here, we will focus on the case of scalar elds for which the buk equation
isknown | the en ission of buk scalar m odes was previously studied analytically,
n the low-energy regim e, In [251].

A scalar eld propagating in the background of a higherdim ensional, non—
rotating, Schwarzschid-like black hole, whose lineelem ent is given by Eq. (2.d),
satis es the follow ing equation ofm otion [25]

h(r) d dR h(r)
— h(r)r"t?— [
™+ 2 dr (x) dr " r?

‘(“+n+ 1) R=20: (51)

A s in the case of the am ission of particles on the brane, the determ ination of the
greybody factor for em ission in the bulk dem ands solving the above equation over
the whole radialdom ain. T he exact solution for the radial function m ust interpolate
between the nearhorizon and far- eld asym ptotic solutions, given by

R(h): Aﬁ;l)ei!r + A(()ii:ei!r ; (52)
and ) )
ROI-a0 2 a®0eS (53)
n rn+2 out rn+2 !

respectively. W e In pose again the boundary condition that no outgoing solution
should exist near the horizon of the black hole, and therefore we set Aéﬁl = 0. The
solution at in nity com prises, as usual, both in-going and outgoing m odes.

T he expression for the absorption probability K. F m ay then be derived either
by using Eq. (@.) or by calulating directly the ratio AL'=A" 5| note that,
henceforth, quantities w ith a tilde denote bulk quantities (as opposed to brane quan—
tities which carry a hat). The corresponding greybody factor ~.(! ) may then be
determ ined by using the relation (2.§). The din ensionality of the greybody factor
changes as the num ber of extra din ensions n varies; therefore, In order to be able
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to com pare its values for di erent n, we nom alize its expression to the area of the
horizon of the (4+ n )-din ensionalblck hole. Thus, we rewrite Eq. d) in the om

2* hpy 3l my 5
~(l)= — N F (54)

2 (!rH )n+2

where N'. is them ultiplicity of states corresponding to the sam e partialwave *, given
fora (4 + n)-din ensional spacetin e by
2+ n+ 1) (“+ n)!

N = ’ (5'5)
‘Tn+ 1)!

and Ky is the horizon area In the buk de ned as

Z 2 ﬁle
Ky =n'?  df sin® i1 dsin qiy
0 k=1 0
_ 2y T P et 1=2]
g 1 [k + 2)=2]
bn+ 311
_ _rIl:Il+2(2 ) (n+1)=2 > . (56)

Equation (54) allow s us to com pute the low -energy lin it of the greybody factor
once the corresponding expression of the absorption coe cient is determ ined. A na—
Iytic results for K. were derived in [25]by solving Eq. (6.]) in the two asym ptotic
regin es, the nearhorizon and far- eld, and m atching them in an interm ediate zone.
Tt was found that the low -energy expression of the absorption coe cient, for = 0,

has the fom
! Iy n+ 2 4

2 [(n+ 3)=27°

where the dots denote higherorder term s in the powerexpansion in !'ry; . These

¥ f = + o (5.7)

temm s, aswell as the corresponding expressions of A7 for higher partialwaves, vanish
quickly in the Iimit 'y ! O, leaving the above term as the dom inant one. Sub-
stituting into Eq. (54), we easily see that, In the low -energy regin e, the greybody
factor is given by the area Ky of the horizon of the black hole. This behaviour is
sin ilar to the 4-din ensional case; however, note that, In this case, the area of the
horizon changes as n vardes.

Tn the high-energy regin e, we anticipate recovering the equivalent of the (4+ n)-
din ensional geom etrical optics 1m it. Tn four dim ensions, the low -energy lm it for
the greybody factor, 4 12, goes over to the geom etrical optics value 12 at high
energy. This has led to the na ve generalization that, In an arbitrary number of
din ensions, the high-energy expression for the greybody factor w illbe approxin ately

ne 212" ?=4, where ,,, is the volum e elam ent of the (n + 2)-din ensional sphere.
W e w ill shortly see that this is in fact an over-estin ate of the value of the greybody
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factor in the high-energy regine. A s In four din ensions, we w ill assum e that, for
large values of the energy of the scattered particle, the greybody factor becom es
equal to the area of an absorptive body of radius r. which is pro fcted on a plne
parallel to the one of the orbit of them oving particle [31]. A ccording to R ef. [27], the
value of the e ective radius r. ram ains the sam e both for bulk and brane particles
and it isgiven by Eq. ). The area of the absorptive body depends strongly on the
din ensionality of spacetim e and its calculation dem ands setting one of the azin uthal
angles equal to =2. A careful calculation reveals that the ‘profcted’ area is given
by

2 e 1
Ky = i = NS A (5.8)
n+ 2) [n+ 2)=2] n+ 2
The above relation reduces to the usual 4-dinensional result &, = 12, forn =

0, while it leads to values reduced by 50% , compared to the na ve expression

P ol 2=4, or higher values of n. Assum ing that the greybody factor at high
energies becom es equal to the absorptive area K, of radius r., we may explicitly
w rite:

+2
~,(! ): 1 n+1 E o A,H
n+ 2 n+2 TIH
1 [(n+ 3)=2] n+ 3 @r2=0+r1) py4 3 Mr2)=2
_ e Ry : (59)
n+ 2) [(n+ 2)=2] 2 n+ 1

In the above, we have used the sam e nom alization, In temm s of the area of the
(4 + n)-din ensional horizon, as in the low -energy regim e.

Tuming now to the num erical analysis,wem ay nd the expressions of the grey-
body factors, for various values of n and for all energy regin es, by usihg Eq. (54)
and the exact num erical results for the absorption coe cients. T heir behaviour is
shown in Figure . A s it was anticipated after the above discussion, the norm alized
greybody factors, in the low -energy regim e, tend to unity for allvalues ofn, aseach
one of them adopts the value of the area of the black hole horizon to which it has
been nom alized. A s in the case of the am ission of scalar eldson the brane, the grey—
body factors are suppressed in the low -energy regim €, asn increases, w hile they start
oscillating at Interm ediate energies and nally adopt their asym ptotic high-energy
Iim it. A sin ple num erical analysis show s that the na ve expression ,,, 12" 2=4 fails
to describe the high-energy asym ptotic 1im its for all values of n larger than zero. On
the other hand, the expression (53) gives asym ptotic values which are m uch closer
to the ones depicted in Figure[d, but these values still deviate from the exact ones
asn increases. A m ore sophisticated analysis is thus necessary in order to determ ine
the exact high-energy lin it for em ission in the bulk which m ight lead either to the
reconsideration of the absorptivearea argum ent for n 1, or to the Introduction of
a correcting temm that suppresses the asym ptotic value (59) asn increases.
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Figure 9: Energy em ission rates for scalar elds in thebuk from a (4+ n)D black hole.

In general, the suppression of the greybody factor for buk em ission at low en-
ergies is m ider than the one for brane am ission. T his, however, does not lead to
higher am ission rates for the bulk m odes com pared to those for brane m odes: the
integration over the phasespace n Eq. (2.]) nvolves powers of (! ry ) which cause
an increasingly suppressive e ect, in the low-energy regin e, as n increases. Never—
theless, the increase in the tem perature of the black hole, which is again given by
Ty = (n+ 1)=4 1; ,eventually overcom es the decrease in the value of the greybody
factor and causes the enhancem ent of the am ission rate with n at high energies.
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T he behaviour of the di erential energy am ission rates as a function of the energy
param eter ! ry and for som e iIndicative num bers of extra din ensions is depicted in
Figure[d. A fter the aforem entioned suppression at the low-energy regine asn in-
creases, the energy em ission rates soon becom e enhanced, w ith the peak of the curve
becom Ing higher and corresponding to lJarger values of ! ry . It is worth noting that
the full analytic results, w hich m ay be derived from the analysis ofR ef. [25], success-
fully describe the low -energy behaviour of both the greybody factors and the energy
em ission rates for the am ission of scalar elds in the bulk.

5.2 Bulk—toBrane R elative Em issivities

Tn this section, we perform an analysis aim ing at providing an answer to the question
of the relative buk-to-brane en issivity. W e evaluate the di erential energy am ission
rates In the buk and on the brane, and com pare the two quantities for di erent
num bers of extra din ensions.
Equation (2.]) for energy em ission in the buk m ay be altematively written, in
term s of the absorption coe cient, as
der(!) X ! d!

= N R : — 5.10
dt , jﬁ&jzexp(!=TBH) 12 ( )

T he above m ust be com pared w ith the corresponding expression for the em ission of
brane-localized m odes given by
dE (1) X . A ! d!

= N.A. —; 511
dt , # jzexp(!=TBH) 12 ( )

~

where N = 2/ + 1. Since both buk and brane m odes “eel’ the sam e tem perature,
the relative bulk-todbrane ratio of the two energy am ission ratesw illbe sin ply given
by the expression o

dE=dt  N.FF

aE=at = N K3
and w ill depend on the scaling of the m ultiplicities of states and the absorption
coe clents ? with n. As is clear from Eq. (£§), the m ultiplicity of buk m odes N
Increases quickly for increasing n, whilke N rem ains the same. However, it tums
out that the enhanceam ent of the absorption probability jAAle for brane em ission, as
n increases, is in total considerably greater than the one for bulk am ission. This
Jleads to the dom Inance of the em ission of brane-localized m odes over bulk m odes,
which as we will see becom es stronger for interm ediate values of n. T he behaviour
of this ratio Isdepicted In Figure[[J. W e observe that, in the low -energy regin e, the

(5.12)

2N ote that the absorption coe cients related to the greybody factors through Eg. ), with
a multiplicative coe cient that depends both on !ry and n, m ght have a com pletely di erent
behaviour from the greybody factors them selves.
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Figure 10: Buk-to-Brane energy em ission rates for scalar elds from a (4 + n)D black

hole.

ratio is suppressed, for lJarge values of n, by m any orders of m agnitude, com pared
to the value of unity forn = 0. In the high-energy regin e on the other hand, the
suppression becom es an aller and the ratio seem s to approach unity. A m ore careful
exam Ination reveals that, In fact, the buk m odes dom inate over the brane m odes In
a lim ited high-energy regin e that becom es broader as n increases.

A de nite conclusion regarding the relative am ount of energy which is em itted
In the two hannels’ |
total energy am issivities can be com puted. By integrating the areas under the buk

buk and brane | can only be drawn if the corresponding
and brane energy em ission rate curves, for xed value ofn, and taking their ratiowe
were able to determ ine the relative energy em ission rates. T he results obtained, for
valuesofn from 1 to 7,are given In Table 6.

Buk/Brane

Table 6: Relative Buk-to-Brane Energy Em ission R ates for Scalar Fields

From the entries of the above Table, it becom es clear that the em ission ofbrane—
Jocalized scalar m odes is indeed dom inant, in term s of the energy em itted, for all
values of n greater than zero and up to 7. As n Increases, the ratio of buk to
brane am ission gradually becom es an aller, and becom es particularly suppressed for
Interm ediate values of the num ber of extra din ensions, ie. n = 2;3;4 and 5; in these
cases, the totalenergy em itted in the buk variesbetween 1/3 and 1/4 approxin ately
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of that em itted on the brane. A s n increases further, the high-energy dom inance of

the bulk m odes, m entioned above, gives a boost to the value of the buk-to-brane

ratio thus causing its increase | nevertheless, the energy ratio never exceeds unity.

This m eans that m ost of the energy of the higherdim ensional black hole, in the
‘scalar’ channel, is em itted directly on the brane, in the form of zero-m ode scalar
elds instead of m odes in the buk.

T he above analysis provides exact, accurate results for the energy em ission rates
for brane and buk scalar m odes and gives considerable support to earlier, m ore
heuristic, argum ents [27], according to which a (4 + n)-din ensionalblack hole em its
m ainly branem odes. A com plete con m ation dem andsperform ing a sin ilar analysis
for the am ission of gravitons and the results w ill be reported elsew here.

6. Conclusions

T he revivalofthe dea of the existence of extra space-like din ensions in nature has led
to the form ulation of theordes that allow fora signi cantly lower energy scale atwhich
gravity becom es strong. This has opened the way for the proposal of the creation
ofm niature higherdim ensional black holes during collisions of energetic particles in
the earth’s atm osphere or at ground-oasad particle colliders. T hese black holes have
a tam perature that depends on details of the higherdin ensionalbackground, such as
the horizon radius and the num ber of spatialdin ensions, and, upon im plem entation
of quantum e ects, em it Haw king radiation. In this paper, we have studied In an
exact way the em ission of H aw king radiation both on the brane and in the bulk from
non-rotating, uncharged (4+ n)-din ensionalblack holes, and searched for distinctive
features in the radiation spectra which would allow us to determm ine the num ber of
extra din ensions that exist in nature. At the sam e tin e, we provided answers to
questions that had rem ained open from previous analyses in the literature.
Focusing initially on the am ission of brane-docalized m odes, we have derived
a master equation descrbing the motion of a eld with arbitrary spin s in the
spoherically-sym m etric black hole background induced on the brane. W e then pro-
vided exact, num erical results for the greybody factors and em ission rates for scalars,
ferm ions and gauge bosons. T hese results are valid n all energy regin es, and agree
w ith the full analytic results derived in [26] at Jow —and interm ediate-energy scales.
T he greybody factors interpolate betw een the low —and high-energy asym ptotic lin its
n a way that depends both on their spin and the din ensionality of spacetin e: while
they adopt the sam e asym ptotic values (which decrease asn increases) forallparticle
species In the high-energy regin e, In the low -energy lim it the greybody factors are
enhanced asn increases for s= 1 and % ,and suppressed for s= 0. T herefore, their
In plem entation In the calculation of the em ission rates is in perative if one wants to
deritve accurate results for these quantities. By doing that, the energy em ission rates
obtained reveal a substantial enhancam ent as the num ber of extra dim ensions pro—
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Fcted onto the brane Increases. T he enhancem ent am ounts to orders of m agnitude,
for large values of n and for all particle species, although the increase in the rate
depends strongly on the soin of the particle studied. The com puted total relative
am issivities reveal that scalar elds,which are thedom inant form ofparticles em itted
by the black hole forn = 0, are outnum bered by the gauge bosons for large values of
n,w ith the farm ionsbeing the least e ective channelduring the em ission. T herefore,
both the am ount and the type of the em itted radiation by a higherdin ensionalblack
hole directly on the brane m ay possibly lead to the determ ination of the num ber of
extra din ensions.

The am ission of particle m odes on the brane is the m ost phenom enologically
Interesting e ect since it involves Standard M odelparticles that can be easily detected
during experim ents. N evertheless, a an all higherdin ensional black hole em its also
bulk m odes and inevitably a proportion of the total energy is lost into the bulk.
In the second part of this paper, we investigated the details of the em ission of bulk
scalarm odesw ith the nalaim being to provide an accurate estin ate for the relative
bulk-todbrane energy em issivity. T he corresponding greybody factors depend again
on the din ensionality of spacetin e and so do the energy em ission rates that exhibita
sim ilar, although less substantial, enhancem ent as n Increases. C om paring the total
buk and brane em ission rates for scalars, integrated over the whole energy regin e,
we conclude thatm ost of the energy of the black hole is em itted in the form ofbrane
m odes for all values of n. The total em issivity in the bulk reduces to less than 1/4
of that on the brane forn = 2;3;4, while it becom es substantial for the extrem e
value of n = 7, without however exceeding the brane value. T he accurate resuls,
produced here for the st tin e in the literature, clarify the situation conceming the
relative am ounts of energy am itted in the bulk and on the brane, and provide mm
support to the heuristic argum entsm ade in Ref. [27].

W e should note at this point that no results were presented in this paper con-
ceming the em ission of gravitons either on the brane or in the bulk. T he derivation
of a consistent equation, that can describe the m otion of gravitons on the induced
black hole background on the brane, is still under investigation. N evertheless, we
expect that, as in the case of the am ission of eds with soin s = 0;1 and %,the
graviton eam ission becom es enhanced as the dim ensionality of spacetim e increases,
and that it rem ains subdom inant com pared to that of the other species at least for
an allvalues of n. In the near future, we hope to be abl to present com plte results
for the am ission rates for gravitons on the brane, and for the relative bulk-to-brane
graviton em issivity.

A nal comm ent needs to be m ade here conceming the validity of the results
derived in this work. A s pointed out In the text, the horizon of the black hole and
itsm ass, or equivalently the energy needed for the production of them iniature black
hole, is an input param eter of the analysis. O ur results are applicable for all values
of ry which are am aller than the size of the extra din ensionsR ,nom atterhow am all
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or large R is (as long as it rem ains considerably larger than ‘p; to avoid quantum

corrections). O ur analysis therefore rem ains valid for all theories postulating the
existence of at extra dim ensions and a fundam ental scale of gravity even a few

orders ofm agnitude lower than M p 1. If the amn ission of H aw king radiation from these
black holes is successfully detected, either at nextgeneration colliders or in them ore
distant future, the distinctive features discussed herem ay help In the determ ination
of the num ber of extra dim ensions that exist in nature.
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A ppendix

In this Appendix, we provide a few steps In the Newm an-Penrose form alisn for the
derivation of the m aster equation describing the m otion of a particle w ith spin s in

the background of a higher-din ensional, non-rotating, neutral black hole pro fcted
onto a 3brane. T he corregponding 4-din ensionalm etric tensor is given in Eq. ).

W e rstnead to choose a tetrad basis of nullvectors (Y ;n ;m ;m ),where ‘and n

are realvectorsand m and m are a pair of com plex conjugate vectors. T hey satisfy
the relhtions: 1 n = 1,m m = 1, with all other products being zero. Such a
tetrad basis is given by:

1 1 h
= ;1007 n = 27 5;0;0;
h 2 2
i 1 i 1
m = 0;0;1;— P=—,; m = 0;0;1;,— B=—"1: (1)
sin 2r sin 2r

The . coe cientg, which are used to gonstruct the spin coe clents, are de-

ned as: e = (&)1 (&) (e)] (€)(e.)" , where e, stands for each one of the

null vectors and (i;]) denote the com ponents of each vector. T heir non-vanishing
com ponents are found to be:

h? 1 h cos
122= T  134= —; 24= T—; 334=P=T: (2)
2 r 2r 2r sin
T he above com ponentsm ust be supplam ented by those that follow from the symm e-
oY ape = am and the com plex conjugates obtained by replacing an index 3 by 4

(or vice versa) or interchanging 3 and 4 (when they are both present).
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W em ay now com pute the spin coe  cientsde ned by 2= ( aret cab  bea )=2-
Particular com ponents, or com binations, of the spin coe cients can be directly used
In the el equations [35,36]. T hey are found to have the values:

= = = = = = =20;3;
1 h h' oot

= -5 = i =i = = P=: 3)
r 2r 4 2 2r

In what ollow s, we w ill also em ploy the N ewm an-Penrose operators:

A:EE+E; N }E Eg, A:plT g+ i ;0 (4)
h @t @r 20t 2 Q@r 2r (@ sin @'
and m ake use of the follow Ing eld factorization:
s(tiri ;)= e e Ro)SIL( ) (5)
where Y?, = ™’ S".( ) are the spin-weighted sphericalham onics [37]. W e w illnow

consider each type of eld ssparately:

I.G auge Bosons (s= 1)

In the Newm an-Penrose form alian , there are only three degrees of freedom ' for
agauge ed,namely o= Fi3, 1= (Fio+ Fg3)=2and ,= Fy4,n term sofwhich
the di erent com ponents of the YangM ills equation for a m assless gauge eld are
w ritten as:

© 2): ( 2).=0; 6)
T (+ 2) 0=10; (7)
B (8)
C+2), (+2) 1=0; 9)

where " stands for the com plex conjugate of ".R earranging Egs. [F)H{}), one can see
that ; decouples keaving behind an equation involving only . Using the explicit
form s of the operators and spin coe cients, as well as the factorized ansatz (4], this
can be separated into an angular equation,
1 d | dsh. 2m cot m 2
+

—— — sin +1 ot + .8S™.()=0; (10
sh d d sih sin? 1 St (10)

with elgenvalie .= “(‘+ 1) s(s+ 1),and a radial equation:

1d , AR ; 1272 ol il r*h (0 g R, (x)= 0 1)
— — + + Zilr + ’ r)=0;
dr dr h h R ’
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where we have de ned = hr 2.

II. Ferm jon Fields (s= 1=2)

For a m assless two-com ponent spinor eld, the D irac equation can be w ritten as:

( ) o= (@O ) 1; (12)

A A

(+ ) o=+ )1t (13)

Perform Ing a sin ilar rearrangem ent as in the case of bosons, we nd that ;| is
decoupled and that the equation for  reduces to the follow ing set of angular,

1 4 , dsi,. m oot m?
— =% 4

1
Ed— s q =n sjnz +§ ZCOtZ + %1 STZZ;’( )ZO;(14)
and radial,
1 d 5,dR1, 122 itrfh? 1,
P= - " n ' ilr Y 5( 2) 1z Rimp(x)= 05 (15)

equations, w ith the sam e de nitions for and . as before.

III. Scalar Fields (s= 0)

For com pleteness, we add here the equation of m otion for a scalar eld prop-
agating in the sam e background. T his equation can be determ ined quite easily by
evaluating the double covariant derivative g D D acting on the scalar ed. It

nally leads to the pair of equations

1 d | dsg. m ? s _ o a6)
—— — sin + + o Sp.=0;
s d d sin’ v
d dR o 12 Ro(x)= 0 an
— + . r)=0;
dr  dr h e ’
where YJ!, = €™’ S{..( ) are the usual spherical harmonics ¥ ( ;') and o/ =

‘(“4+ 1). The above equations were used In [25] for the analytic determ ination of
the greybody factors for the em ission of scalar particles on the brane by a higher-
din ensional black hole.

IV .M aster Equation for a eld w ith arbitrary spin s

C om bining all the above equations derived forbosons, ferm ions and scalar elds,
wem ay now rew rite them in the form ofam aster equation vald forall typesof elds.
T he radial equation then takes the fom :

d dR 4 12r? is! r?h°

s s+ 1 . o
— + + 2is! —_—t 2 . R = 0; (18
™ o o is!'r o s ( ) s s () ; (18)
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w hile, the angular equation reads

1 d ds?t., 2m s cot m ?
- s +s Soof + o SI.=0: (19)

snoa o0 4 sin sin? :

T he Jatter equation is dentical to the one derived by Teukolsky [34]1n the case of a

non-rotating, spherically-sym m etric black hole. T he radial one di ers by the extra

factor s (@ 2) due to the fact that for our m etric tensor this com bination is not
zero, contrary to what happens in the case of the 4-din ensional Schwarzschild, or
K err,metric. The ®“—term can be ram oved ifwem ake the rede nition R ¢ = S Pg.

Then,we obtain:

. d L. dPs 12r? , is! r’h°
— + + 2is!lr —— Ps(r)= 0; (20)
dr dr h h
where now = s+ 25= "("+ 1) S (s 1). The above form of the radial

equation was usad In [26] to determ ine In an analytic way the greybody factors and
am ission rates for the am ission of ferm ions and gauge bosons on the brane by a
higherdim ensional, spherically-sym m etric black hole.
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