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m otion ofa �eld with arbitrary spin s on a 3-brane em bedded in a non-rotating,

uncharged (4+ n)-dim ensionalblack hole background. By num ericalanalysis,we

deriveexactresultsforthegreybody factorsand em ission ratesforscalars,ferm ions

and gauge bosonsem itted directly on the brane,forallenergy regim es and foran

arbitrary num bern ofextra dim ensions. The relative em issivities on the brane for

di�erenttypesofparticlesarecom puted and theirdependenceon thedim ensionality

ofspacetim e is dem onstrated | we therefore conclude that both the am ount and

thetypeofradiation em itted can beused forthedeterm ination ofn iftheHawking

radiation from these black holes is observed. The em ission ofscalar m odes in the

bulk from thesam eblack holesisalso studied and therelativebulk-to-braneenergy

em issivity isaccurately com puted.W edem onstratethatthisquantity variesconsid-

erably with n butalwaysrem ainssm allerthan unity | thisprovides�rm support

to earlierargum entsm adeby Em paran,Horowitzand M yers.
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1.Introduction

M otivated by the desire to explain the hierarchy problem | that is,the sixteen

ordersofm agnitudedi�erencebetween theelectroweak energy scaleand thePlanck

scale | m odelsthatpostulate the existence ofextra dim ensionshave been revived

and extensively studied during the lastfew yearsafterthe work by Arkani-Ham ed,

Dim opoulosand Dvali(ADD)[1]and Randalland Sundrum (RS)[2](forsom eearly

works,see [3]). In the standard version ofthose works the Standard M odel�elds

are localized on a 3-brane,which plays the role ofour 4-dim ensionalworld,while

gravity can propagateboth on thebraneand in thebulk | thespacetim etransverse

to the brane. In theorieswith large extra dim ensions the traditionalPlanck scale,

M P l � 1018 GeV,is only an e�ective energy scale derived from the fundam ental

higher-dim ensionalone,M �,through thefollowing relation [1]

M
2

P l� M
n+ 2
�

R
n
: (1.1)
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Theaboverelation involvesthevolum eoftheextra dim ensions,V � Rn,underthe

assum ption thatR isthecom m on sizeofalln extracom pactdim ensions.Therefore,

ifthevolum e oftheinternalspaceislarge(i.e.ifR � ‘P l,where ‘P l= 10�33 cm is

thePlanck length)then M � can besubstantially lowerthan M P l.

In theregim er� R,theextradim ensions‘open up’and gravitybecom esstrong.

Hence,Newton’slaw forthegravitationalinteractionsin thisregim eism odi�ed,with

the gravitationalpotentialassum ing a 1=rn+ 1 dependence on the radialseparation

between twom assiveparticles.Experim entswhich m easurethegravitationalinverse-

square law atshortscalescan provide lim itson thesize oftheextra dim ensions,or

equivalently on thevalueofthefundam entalscaleM �;forn = 2 such m easurem ents

give M � > 3:5 TeV [4](the n = 1 case hasalready been excluded by astronom ical

data). Since gravitons can propagate both in the bulk and on the brane,m assive

Kaluza-Klein (KK)graviton statescan m odify both the crosssectionsofStandard

M odelparticleinteractionsand astrophysicalorcosm ologicalprocesses.Theabsence

ofsignaturesofproduction ofeitherrealorvirtualKK gravitonsatcollidersputsa

relatively weaklowerlim iton M � | from 1.45TeV (forn = 2)to0.6TeV (n = 6)[5].

M uch m orestringentconstraintsariseifoneconsidersastrophysicalorcosm ological

processes;ignoring the system atic errors,these constraintsexclude by fareven the

n = 3 case,whileallowing m odelswith M � � 1 TeV and n � 4 [6].

Ifextra dim ensionswith R � ‘P l exist,then black holeswith a horizon radius

rH sm allerthan thesize oftheextra dim ensionsR arevirtually higher-dim ensional

objects centered on the brane and extending along the extra dim ensions. It has

been shown that these sm allblack holes have m odi�ed properties, i.e. they are

larger and colder com pared to a 4-dim ensionalblack hole with exactly the sam e

m assM B H [7].Onestriking consequenceofthetheorieswith largeextra dim ensions

is that the lowering ofthe fundam entalgravity scale allows for the production of

such m iniatureblack holesduring high energeticscattering processeswith centre-of-

m assenergy
p
s � M � [8{14]. Argum entsbased on Thorne’shoop conjecture [15]

predictthecreation ofablack holein thecasewhereany twopartonsofthecolliding

particlespasswithin thehorizon radiuscorrespondingtotheircentre-of-m assenergy.

Theblack holescreated willhavea m assequalto a fraction of
p
svarying from 0.84

down to 0.58 depending on the detailsofthe scattering processand the num berof

extra dim ensions [16]. Provided that the m ass ofthe black hole is larger than a

few tim es the fundam entalPlanck m ass,these objects could stillbe treated sem i-

classically. M iniature black holes m ay be created in the atm osphere ofthe earth

(during scattering processes ofcosm ic rays) and at future particle colliders,ifthe

fundam entalenergy scaleislow enough.Severalaspectsoftheseprocesseshavebeen

studied in Refs.[17{22].

Onceproduced,thesem iniatureblack holesareexpected todecay alm ostinstan-

taneously (typicallifetim esare � 10�26 s).According to Refs.[9,13],the produced

black holeswillgothrough anum berofphasesbeforecom pletely evaporating.These
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are:

� The balding phase: the black hole em its m ainly gravitationalradiation and

shedsthe ‘hair’inherited from the originalparticles,and the asym m etry due

to theviolentproduction process.

� The spin-down phase: the typically non-zero im pactparam eterofthe collid-

ing partonsleadsto black holeswith som e angularm om entum aboutan axis

perpendicularto the plane. During thisphase,the black hole losesitsangu-

larm om entum through the em ission ofHawking radiation [23]and,possibly,

through superradiance.

� TheSchwarzschild phase:a spherically-sym m etric black holelosesenergy due

to the em ission ofHawking radiation. Thisresultsin the gradualdecrease of

itsm assand theincreaseofitstem perature.

� The Planck phase: the m ass and/orthe Hawking tem perature approach the

Planck scale | a theory ofquantum gravity isnecessary to study thisphase

in detail.

Asin the 4-dim ensionalcase [24],itisreasonable to expect thatthe Schwarz-

schild phasein thelifeofasm allhigher-dim ensionalblackholewillbethelongerone,

and willaccountforthegreatestproportion ofthem asslossthrough theem ission of

Hawking radiation.Throughoutthispaper,wewillfocuson theem ission ofenergy,

in both brane-localized and bulk m odes,from a non-rotating,uncharged (4+ n)-

dim ensionalblack hole. Initially we willconsiderthe em ission ofparticle m odeson

the brane,which isthe m ostphenom enologically interesting e�ectsince itinvolves

Standard M odelparticles.W ewillstartby derivingam asterequation describing the

m otion ofa �eld with arbitrary spin sin thespherically-sym m etric black holeback-

ground induced on thebrane| thiswillhelp resolve am biguitiespresentin sim ilar

equations which have previously appeared in the literature. W e willthen produce

exactnum ericalresultsforthegreybody factorsand em ission ratesforeach type of

particleand foran arbitrary num bern ofextra dim ensions,and com parethem with

thosederived from earlieranalyticstudiesoftheSchwarzschild phase[25,26].W ewill

show thatthe fullanalytic resultsderived in [26]closely follow the exactresultsin

thelow-and interm ediate-energy regim eswhilethepowerexpansion em ployed in [25]

can accurately describeonly a very lim ited low-energy regim e,especially in thecase

ofscalar �elds. The m ajoraim ofthis study isto dem onstrate the dependence of

the above quantitieson the dim ensionality ofspacetim e in allenergy regim es.This

m ightserveasa toolfor‘reading’thenum berofextra dim ensionsexisting in nature

ifthespectrum ofHawking radiation em itted by thesesm allblack holesisdetected.

In thefram ework ofthesam eanalysis,wewillalsoderivetherelativeem issivitiesfor
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scalars,ferm ionsand gaugebosonsand dem onstrate how these change asthe num -

berofextra dim ensionsprojected onto the brane varies| a potentially additional

signatureto beused in thedeterm ination ofn.

In Ref.[27],it was argued that the m ajority ofenergy during the em ission of

Hawking radiation from a higher-dim ensionalblack hole is em itted into m odes on

thebrane(i.e.Standard M odelferm ionsand gaugebosons,zero-m odegravitonsand

scalar�elds).Thisargum entwasbased on theirresultthatasinglezero-m odebrane

particle carries as m uch energy as the whole Kaluza-Klein (KK) tower ofm assive

excitationspropagating in the bulk | the abundance ofbrane m odescom pared to

bulk m odesthen leadstotheaforem entioned conclusion.In thispaper,wealsostudy

theem ission ofbulkscalarm odesfrom a(4+ n)-dim ensionalblack hole,and com pare

thetotalbulk and braneem issivitiesin an attem ptto con�rm ordisprovetheabove

argum ent. Ouranalysisim provesthe heuristic argum entsm ade in [27]and forthe

�rsttim eprovidesexactand detailed resultsconcerning therelativebulk and brane

em issivitiesin allenergy regim esand forvariousvaluesofn.

W e start our analysis in section 2 by presenting the basic form ulae and as-

sum ptions for the gravitationalbackground and em ission rates from sm allhigher-

dim ensionalblack holes. In section 3,we present a m aster equation describing the

m otion ofscalars,ferm ions and gauge bosons in the 4-dim ensionalinduced back-

ground | thebasicstepsofthiscalculation aregiven in theAppendix;in thesam e

section,we also de�ne the corresponding greybody factor and em ission rates and

discuss analytic and num ericalm ethodsforcom puting these quantities. Exactnu-

m ericalresultsforem ission on thebrane(forscalars,ferm ionsand gaugebosons)are

presented in section 4,aswellasa discussion ofthe relative em issivities and their

dependenceon n.Theem ission ofbulk scalarm odesisthoroughly studied in section

5,and ourresultsfortherelativebulk-to-braneem issivitiesarealsopresented in this

section.Ourconclusionsaresum m arized in section 6.

2.B asic Form ulae and A ssum ptions

Letusstartwith the form ofthe gravitationalbackground around a non-rotating,

uncharged (4+ n)-dim ensionalSchwarzschild black hole. The line-elem entisgiven

by [28]

ds
2 = � h(r)dt2 + h(r)�1 dr2 + r

2
d
2

2+ n ; (2.1)

where

h(r)= 1�

�
rH

r

�n+ 1

; (2.2)

and with theangularpartgiven by

d
2

2+ n = d�
2

n+ 1 + sin2�n+ 1

�

d�
2

n + sin2�n

�

:::+ sin2�2(d�
2

1 + sin2�1d’
2):::

��

:(2.3)
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In the above, 0 < ’ < 2� and 0 < �i < �,for i = 1;:::;n + 1. By using an

analogous approach to the usual4-dim ensionalSchwarzschild calculation,i.e. by

applying Gauss’law in the (4+ n)-dim ensionalspacetim e,we obtain the following

horizon radius

rH =
1

p
�M �

�
M B H

M �

� 1

n+ 1

0

@
8�

�
n+ 3

2

�

n + 2

1

A

1

n+ 1

; (2.4)

where M B H is the m ass ofthe black hole. The black holes being considered in

thiswork are assum ed to have horizon radiisatisfying the relation ‘P l � rH � R.

Theform erinequality guaranteesthatno quantum correctionsareim portantin our

calculations,while the latterisnecessary forthese black holesto be considered as

higher-dim ensionalobjects. The tension ofthe brane on which the black hole is

centered isassum ed to bem uch sm allerthan theblack holem assand thusitcan be

ignored in ouranalysis.

A black hole ofa particular horizon radius rH is characterized by a Hawking

tem peraturerelated by theexpression

TB H =
(n + 1)

4� rH
: (2.5)

Theabovetem peraturegivesrisetoalm ostblackbody radiation.The
ux spectrum ,

i.e.thenum berofparticlesem itted perunittim e,isgiven by [23]

dN (s)(!)

dt
=

X

‘

�
(s)

‘ (!)
1

exp(!=TB H )� 1

dn+ 3k

(2�)n+ 3
; (2.6)

whilethepowerspectrum ,i.e.theenergy em itted perunittim e,is

dE (s)(!)

dt
=

X

‘

�
(s)

‘ (!)
!

exp(!=TB H )� 1

dn+ 3k

(2�)n+ 3
: (2.7)

In the above,s is the spin ofthe degree offreedom being considered and ‘ is the

angularm om entum quantum num ber.Thespin statisticsfactorin thedenom inator

is� 1 forbosonsand +1 forferm ions.Form asslessparticles,jkj= ! and thephase-

space integralreduces to an integralover!. The term in front,�
(s)

‘ (!),isthe so-

called ‘greybody’factor1 which encodesvaluableinform ation forthestructureofthe

spacetim e around theblack hole(which em itstheHawking radiation)including the

dim ensionalityofspacetim e.Thisquantitycanbedeterm inedbysolvingtheequation

ofm otion ofa particulardegree offreedom in the aforem entioned background and

com puting thecorresponding absorption coe�cientA
(s)

‘ .Then,wem ay write[29]

�
(s)

‘ (!)=
2n�(n+ 1)=2�[(n + 1)=2]

n!!n+ 2

(2‘+ n + 1)(‘+ n)!

‘!
jA

(s)

‘ j2: (2.8)

1The quantity �
(s)

‘
(!)isalternatively called the absorption crosssection.Itisalso com m on in

theliteratureto referto theabsorption probability jA
(s)

‘
j2,related to �

(s)

‘
(!)through Eq.(2.8),as

the greybody factor.
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Asthedecay progresses,theblack holem assdecreasesand theHawkingtem perature

rises.Itisusually assum ed thata quasi-stationary approach to thedecay isvalid |

thatis,the black hole hastim e to com e into equilibrium ateach new tem perature

beforethenextparticleisem itted.W ewillm akethisassum ption also here.

W e would like �nally to stress that Eqs. (2.6) and (2.7) refer to individual

degreesoffreedom and notto elem entary particles,like electronsorquarks,which

contain m ore than one polarization. Com bining the necessary degrees offreedom

and theircorresponding 
ux orpower spectra,the num ber ofelem entary particles

produced,and theenergy they carry,can beeasily com puted.Form oreinform ation

on this,we refer the reader to Ref.[30]where a Black Hole Event Generator has

been constructed.Thissim ulatesboth theproduction and decay ofsm allblack holes

athadroniccollidersand,by using theresultsforthegreybody factorsderived here,

provides estim atesforthe num berand spectra ofthe di�erenttypesofelem entary

particlesproduced.

3.G reybody factors for Em ission on the B rane

Thegreybodyfactorsm odifythespectrum ofem itted particlesfrom thatofaperfect

therm alblackbody even in fourdim ensions[23].Fora 4-dim ensionalSchwarzschild

black hole,geom etric argum ents show that,in the high-energy regim e,�ljA ‘j
2 /

(!rH )
2 which m eans that the greybody factor at high energies is independent of

! and the spectrum is exactly like that ofa blackbody for every particle species

[24,31,32].Thelow-energy behaviour,on theotherhand,isstrongly spin-dependent.

A com m on feature for�eldswith spin s = 0, 1

2
and 1 isthatthe greybody factors

reduce thelow-energy em ission ratesigni�cantly below thegeom etricalopticsvalue

[24,33]. The resultisthatboth the powerand 
ux spectra peak athigherenergies

than those fora blackbody atthe sam e tem perature. The spin dependence ofthe

greybody factorsm eansthatthey arenecessary todeterm inetherelativeem issivities

ofdi�erent particle types from a black hole (atpresent these are only available in

theliteratureforthe4D case[24,32]).

The procedure for calculating greybody factors needs to be generalised to in-

clude em ission from sm allhigher-dim ensionalblack holeswith rH < R which em it

radiation eitherin the bulk oron the brane. Analyticalstudies[25,26]have shown

thatthe greybody factorsin thatcase have a strong dependence on the num berof

extra dim ensions. The dependence on both energy and the num ber ofdim ensions

m eansthatthe exactform ofthe greybody factorsshould be taken into accountin

any attem ptto determ ine the num ber ofextra dim ensions by studying the energy

spectrum ofparticlesem itted from a higher-dim ensionalblack hole.In thissection,

aswellasin section 4,wewillfocuson theem ission ofbrane-localised m odesleaving

thestudy ofbulk em ission and ofrelativebulk-to-braneem issivity forsection 5.
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Thebrane-localised m odespropagatein a 4-dim ensionalblack holebackground

which isthe projection ofthe higher-dim ensionalone,given in Eq. (2.1),onto the

brane. The induced m etric tensorfollowsby �xing the valuesofthe extra angular

coordinates,�i= �=2 fori� 2,and itisfound to havetheform

ds
2 = � h(r)dt2 + h(r)�1 dr2 + r

2(d�2 + sin2� d’2): (3.1)

The greybody factorsare determ ined from the am plitudesofin-going and out-

goingwavesatin�nity sotheessentialrequirem entistosolvetheequation ofm otion

ofaparticlepropagatingin theabovebackground.Forthispurpose,wehavederived

in the Appendix a generalised m aster equation fora particle with arbitrary spin s,

sim ilartotheonederived by Teukolsky [34].Fors= 1

2
and 1,theequation ofm otion

hasbeen derived by using theNewm an-Penrose m ethod [35,36],whilefors= 0 the

corresponding equation followsby the evaluation ofthe double covariantderivative

g��D �D � actingon thescalar�eld.Thederived m asterequation isseparablein each

caseand,by using thefactorization

	 s = e
�i!t

e
im ’

R s(r)S
m
s;l(�); (3.2)

weobtain theradialequation

� �s d

dr

 

� s+ 1 dR s

dr

!

+

 

!2r2

h
+ 2i!sr�

is!r2h0

h
+ s(� 00� 2)� �sl

!

R s(r)= 0;

(3.3)

where�= hr 2.Thecorresponding angularequation hastheform

1

sin�

d

d�

 

sin�
dSm

s;l

d�

!

+

 

�
2m scot�

sin�
�

m 2

sin2�
+ s� s

2cot2� + �sl

!

S
m
s;l(�)= 0;

(3.4)

whereY m
s;l = eim ’ Sm

s;l(�)areknown asthespin-weighted sphericalharm onicsand �sl

isa separation constantwhich isfound to have the value �sl = l(l+ 1)� s(s+ 1)

[37]. For s = 0,Eq. (3.3) reduces as expected to Eq. (41) ofRef.[25]which

was used for the analyticalstudy ofthe em ission ofbrane-localised scalar m odes

from a spherically-sym m etric higher-dim ensionalblack hole.Underthe rede�nition

R s = � �sPs,Eq.(3.3)assum esa form sim ilarto thatofEq.(11)ofRef.[26]which

was used for the study ofbrane-localised ferm ion and gauge boson em ission. The

two equationsdi�erdue to an extra term in theexpression ofthelatterone,which

although vanishing fors= 1

2
and 1 (thusleading to thecorrectresultsforthegrey-

body factorsforferm ion and gaugeboson �elds)givesa non-vanishing contribution

forallothervaluesofs. Therefore,the generalized equation derived by Cvetic and

Larsen [38]can notbeconsidered asa m asterequation valid foralltypesof�elds.A

sim ilarequation wasderived in Ref.[39]butdue to a typographicalerrorthe m ul-

tiplicative factors in frontofthe� 00-term ism issing,thusleading to an apparently
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di�erentradialequation forallvaluesofs.Therefore,beforeaddressing thequestion

ofthederivation oftheexactform softhegreybody factorsin thebranebackground,

thederivation ofa consistentm asterequation wasim perative.Thistask wasindeed

perform ed,with som eofthestepsofthecalculation presented in theAppendix,and

hasled to theaforem entioned Eqs.(3.3)and (3.4).

Forthederivation ofthegreybody factorsassociated with theem ission of�elds

from the projected black hole,we need to know the asym ptotic solutions of(3.3)

both asr! rH and asr! 1 .In theform ercase,thesolution isoftheform

R
(h)
s = A

(h)

in � �s
e
�i!r �

+ A
(h)

oute
i!r�

; (3.5)

where
dr�

dr
=

1

h(r)
: (3.6)

W e im pose the boundary condition that there is no out-going solution near the

horizon ofthe black hole,and therefore setA
(h)

out = 0. The solution atin�nity isof

theform

R
(1 )

s = A
(1 )

in

e�i!r

r
+ A

(1 )

out

ei!r

r2s+ 1
; (3.7)

and com prisesboth in-going and out-going m odes.

The greybody factor�‘(!)forthe em ission ofbrane-localised m odesisrelated

to theenergy absorption coe�cientA ‘ through thesim pli�ed relation

�̂
(s)

‘ (!)=
�

!2
(2‘+ 1)jÂ

(s)

‘ j2; (3.8)

where henceforth quantities with a ‘hat’willdenote quantities associated with the

em ission ofbrane-localised m odes. The above relation follows from Eq. (2.8) by

setting n = 0 sincetheem ission ofbrane-localised m odesisa 4-dim ensionalprocess.

In thesam eway,thepowerspectrum oftheHawking radiation em itted on thebrane

can becom puted by the4-dim ensionalexpression

dÊ (s)(!)

dt
=

X

‘

�̂
(s)

‘ (!)
!

exp(!=TB H )� 1

d3k

(2�)3
: (3.9)

Note,however,that the absorption coe�cient Â ‘ stilldepends on the num ber of

extra dim ensions since the projected m etric tensor (3.1) carries a signature ofthe

dim ensionality ofthe bulk spacetim e through the expression ofthe m etric function

h(r).Theabsorption coe�cientitselfisde�ned as

jÂ
(s)

‘ j2 = 1�
F

(1 )

out

F
(1 )

in

=
F

(h)

in

F
(1 )

in

; (3.10)

in term softheenergy 
uxesevaluated eitheratin�nity oratthehorizon.Thetwo

de�nitions are related by sim ple energy conservation and lead to the sam e results.

Both ofthem m ay be used forthe determ ination ofthe absorption coe�cient,de-

pending on the type ofparticle em itted and the m ethod ofthe study,num ericalor

analytic,which isfollowed.
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3.1 A nalytic calculation

The greybody factorshave been determ ined analytically forthe 4-dim ensionalcase

in Refs.[24,32]both for a rotating and non-rotating black hole. In the (4 + n)-

dim ensional case, Refs. [25,26] have provided analytic expressions for the grey-

body factorsforthe em ission ofscalars,ferm ionsand gauge bosonsfrom a higher-

dim ensionalSchwarzschild-likeblack holeem itting radiation both in thebulk and on

the brane,and foran arbitrary num berofextra dim ensions n. Ref.[39]presented

analytic results forthe greybody factorsforthe em ission ofbrane-localized m odes

from aKerr-likeblack holein theparticularcaseofn = 1.Alltheaboveresultswere

derived in thelow-energy approxim ation wheretheprocedureused isasfollows:

� Find an analytic solution in the near-horizon regim e and expand as in-going

and out-going wavesso thattheA (h) coe�cientscan beextracted.

� Apply the boundary condition on the horizon so thatthe wave ispurely out-

going.

� Find an analyticsolution in the far-�eld regim e and again expand asin-going

and out-going waves.

� M atch thetwo solutionsin theinterm ediate regim e.

� ExtractA‘ and expand in powersof(!rH ).

The solution obtained by following the above approxim ate m ethod is a power

series in !rH , which is only valid for low energies and expected to signi�cantly

deviatefrom theexactresultastheenergy oftheem itted particleincreases(thiswas

pointed outin [24,33]forthe 4-dim ensionalcase). In [26],the fullanalytic result

fortheabsorption coe�cient(beforethe�nalexpansion wasm ade)wasused forthe

evaluation oftheem ission ratesforallparticlespecies.Therangeofvalidity ofthese

results,although im proved com pared to thepowerseries,wasstilllim ited since the

assum ption ofsm all!rH wasstillm adeduring them atching ofthetwo solutionsin

theinterm ediateregim e.Astheequationsofm otion foralltypesofparticlesaretoo

cum bersom etosolveanalytically forany valueof!rH ,itbecom esclearthatonly an

exactnum ericalanalysiscan yield thefullresultsforgreybody factorsand em ission

rates.

3.2 N um ericalcalculation

Therearevariousnum ericalissueswhich arisewhiletryingtodothefullcalculationof

theabsorption coe�cient;thecom plexity oftheseproblem sstrongly dependson the

spin softheem itted particle.Theusualnum ericalprocedurestartsby applying the

required horizon boundary condition (a vanishing out-going wave)to R s(r). Then,

9



the solution is integrated out to ‘in�nity’and the asym ptotic coe�cient A
(1 )

in is

extracted in term sofwhich A ‘ can becalculated.

By looking atthe asym ptotic solution atin�nity,Eq. (3.7),one can see that,

forthe scalarcase,the in-going and out-going wavesare ofcom parable m agnitude.

Thereforeitisrelatively easytoextractthecoe�cientsatin�nityand thusdeterm ine

thegreybody factor.Howeverfor�eldswith non-vanishingspin,i.e.ferm ions,vector

bosonsand gravitons,thisisnotan easytask.Firstofall,di�erentcom ponentscarry

adi�erentpartoftheem itted �eld:theuppercom ponent	 + s consistsm ainly ofthe

in-going wave with the out-going one being greatly suppressed,while forthe lower

com ponent	 �s thesituation isreversed (fora �eld with spin s6= 0,only theupper

and lowercom ponents are radiative). Distinguishing between the two partsofthe

solution,in-going and out-going,isnotan easy task no m atterwhich com ponentwe

look at,and it becom es m ore di�cult as the m agnitude ofthe spin increases. In

addition,the choice ofeitherpositive ornegative s to extractthe greybody factor,

i.e.using eithertheupperorthelowercom ponent,a�ectsthenum ericalissues.

Ifs isnegative,then the horizon boundary condition iseasy to apply because

com ponentsofthein-going solution on thehorizon willbeexponentially suppressed

[see Eq.(3.5)above].However,negatives also m eansthatatin�nity theout-going

solution isenhanced by r�2s with respectto the in-going one [see Eq.(3.7)],which

m akesaccuratedeterm ination ofA
(1 )

in very di�cult.Hencethenegatives approach

isnotused in thiswork.

On theotherhand ifs ispositive,itiseasy to accurately extractA
(1 )

in because

the out-going solution atin�nity issuppressed by a factorofr�2s. However,close

to thehorizon theout-going solution isexponentially sm allerthan thein-going one.

Thism eansthatthesolution forR s(r)can beeasily contam inated by com ponentsof

the out-going solution. Thisproblem becom esworse forlargers and �rstbecom es

signi�cantfors= 1.

Forn = 0,variousm ethods(seee.g.[40])havebeen used to solvethenum erical

problem s which arise in the gauge boson case. The approach ofBardeen in [40]is

also applicable forn = 1,butno analogousm ethod wasfound forhighernum bers

ofextra dim ensions.Here,an alternative transform ation oftheradialequation was

used instead.W riting y = r=rH and R 1 = yF(y)e�i!r
�

,thewave equation becom es

(hy2)
d2F

dy2
+ 2y(h � i!rH y)

dF

dy
� l(l+ 1)F = 0: (3.11)

Since on the horizon y = 1 and h = 0,the boundary conditionsbecom e F(1)= 1

and
dF

dy

�
�
�
�
�
y= 1

=
il(l+ 1)

2!rH
: (3.12)

Forferm ions,no such transform ation wasnecessary and so the radialequation

ofEq. (3.3) was used. However the application ofthe boundary condition at the

10



horizon ism adeslightly easierby thetransform ation Ps = � sR s,which m eansthat

theasym ptoticsolution atthehorizon becom es

P
(h)
s = A

(h)

in e
�i!r �

+ A
(h)

out�
s
e
i!r�

: (3.13)

Since we require A
(h)

out = 0,suitable boundary conditionsto apply,when solving the

di�erentialequation forPs,arethat,asr! rH ,

Ps = 1; (3.14)

whileusing Eq.(3.6),wealso obtain

dPs

dr
= � i!

dr�

dr
= �

i!

h(r)
: (3.15)

Theaboveboundary conditionsensurethatjA
(h)

in j
2 = 1.Theasym ptoticform forPs

atin�nity now lookslike

P
(1 )

s = A
(1 )

in

e�i!r

r1�2s
+ A

(1 )

out

ei!r

r
(3.16)

since�! r 2 asr! 1 .

There are variousconsiderationswhich m ustbe taken into accountin orderto

obtain results to the required accuracy (atleast three signi�cant �gures). Firstly,

although the horizon boundary condition can not be applied exactly at rH (due

to singularities in the boundary condition and the di�erentialequation) the error

introduced by applying the condition at r = rc (where rc � rH � rH ) m ust be

sm all.Thiscan bechecked by studying changesin thegreybody factorsfororderof

m agnitudechangesin rc� rH .Sim ilarlyitm ustbechecked thatthevalueofrused as

anapproxim ationfor‘in�nity’doesnotintroduceerrorswhichwilla�ecttheaccuracy

ofthe result. Care m ustalso be taken thatthe num ericalintegration procedure is

su�ciently accurate out to large values ofr so that signi�cant integration errors

are avoided. Finally,foreach energy being considered,enough angularm om entum

m odesm ustbeincluded in the sum m ation so thatonly higherm odeswhich do not

contribute signi�cantly are neglected. For the higher values of!rH considered in

thiswork thism eansthatthecontributionsfrom in excessoften angularm om entum

m odesarerequired.

4.N um ericalR esults for B rane Em ission

In thissection,weproceed to presentourresultsforthegreybody factorsand em is-

sion rates for brane-localised scalar,ferm ion and gauge boson �elds,as obtained

by num erically solving the corresponding equations ofm otions. The de�nition of

the absorption coe�cientA ‘ isdi�erentforeach type of�eld due to theirdi�erent

asym ptotic behaviourin the far-�eld regim e and also due to m orefundam entaldif-

ferencesbetween �eldswith zeroand non-zerospin.W ewill,therefore,considereach

caseseparately:
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4.1 Spin 0 �elds

The num ericalintegration ofEq. (3.3)fors = 0 yields the solution forthe radial

function R 0(r)which sm oothly interpolatesbetween theasym ptoticsolutions(3.13)

and (3.16) in the near-horizon and far-�eld regim es respectively. The absorption

coe�cient iseasily de�ned in term s ofthe in-going and out-going energy 
uxes at

in�nity,orequivalentlybythecorrespondingwaveam plitudesinthesam easym ptotic

regim e,given by A
(1 )

in and A
(1 )

out respectively. W e m ay thuswrite Eq. (3.10)in the

form [25]

jÂ
(0)

‘ j2 = 1� ĵR
(0)

‘ j2 = 1�

�
�
�
�
�

A
(1 )

out

A
(1 )

in

�
�
�
�
�

2

; (4.1)

where R̂ ‘ isthecorresponding re
ection coe�cient.

The plot presented in Figure 1 shows,for di�erent values ofn,the greybody

factors for the em ission ofscalar �elds on the brane (note that,throughout our

num ericalanalyses,the horizon radius rH is an arbitrary input param eter which

rem ains�xed).Thegreybody factorisderived by using Eq.(3.8),which isvalid for

the em ission ofbrane-localised m odes,and sum m ing over the angular m om entum

num ber‘(forcom pleteness,theplotsincludevaluesofn ruled outon astrophysical

grounds,i.e. n = 1;2). For n = 0 and !rH ! 0,the greybody factorassum es a

non-zero valuewhich isequalto4�r2H | thatis,thegreybody factorforscalar�elds

with a very low energy is given exactly by the area ofthe black hole horizon. As

theenergy increases,thefactorsoon startsoscillating around thegeom etricaloptics

lim it �g = 27�r2H =4 which corresponds to the spectrum ofa black-body with an

absorbing area ofradiusrc = 3
p
3rH =2 [31,32].Ifextra dim ensionsarepresent,the

greybody factorstartsfrom thesam e asym ptotic low-energy value,forany value of
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Figure 1:G reybody factorsforscalarem ission on thebranefrom a (4+ n)D black hole.
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n,and itagain startsoscillatingaround alim itinghigh-energy value,which isalways

lowerthan the4-dim ensionalone.Thisisbecausethee�ectiveradiusrc dependson

thedim ensionality ofthebulk spacetim ethrough them etrictensoroftheprojected

spacetim e(3.1)in which theparticlem oves.Forarbitrary n,itadoptsthevalue[27]

rc =

�
n + 3

2

�1=n+ 1
s

n + 3

n + 1
rH : (4.2)

Theabovequantity keepsdecreasingasn increasescausingtheasym ptoticgreybody

factor,�g = �r2c, to becom e m ore and m ore suppressed as the num ber ofextra

dim ensionsprojected onto thebranegetslarger.

The powerseriesexpression ofthe greybody factordeterm ined in [25]m atches

the exactsolution only in a very lim ited low-energy regim e. In the lim it!rH ! 0,

theasym ptoticvalue4�r2H isrecovered asexpected;however,astheenergy increases

the exact solution rapidly deviates from the behaviour dictated by the dom inant

term in the !rH expansion. This was �rst dem onstrated in [26],where the full

analytic result for the greybody factor was determ ined. The behaviour depicted

in Figure 3 ofRef.[26]is m uch closer to the exact one,shown here in Figure 1,

and successfully reproducesthequalitativefeaturesincluding thesuppression ofthe

greybody factorasthedim ensionality ofthebulk spacetim eincreases.Nevertheless,

aspreviously stated,even thatresultbreaksdown in thehigh-energy regim eleaving

theexactnum ericalsolution produced hereastheonly reliablesourceofinform ation

concerning theform ofthegreybody factorthroughouttheenergy regim e.

Proceeding to com pute the energy em ission rate forscalar�eldson the brane,

by using Eq.(3.9),we�nd thatthesuppression ofthegreybody factorwith n does
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td

ω 
 [r

-1 H
 ]
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Figure 2:Energy em ission ratesforscalar�eldson thebranefrom a (4+ n)D black hole.
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notnecessarily lead to thesuppression oftheem ission rateitself.The behaviourof

thedi�erentialenergy em ission ratein tim eunitdtand energy intervald! isgiven in

Figure2.Theincreasein thetem peratureoftheblackhole,and thusin itsem issivity

power,asn increasesovercom esthedecreasein thevalueofthegreybody factorand

leadsto a substantialenhancem entoftheenergy em ission rate.Asitbecom esclear

from Figure 2,the increase in the num ber ofdim ensions projected onto the brane

causesthe enhancem entofthe peak value ofthe em ission curve by m any ordersof

m agnitude,when com pared to the 4-dim ensionalcase. In addition,it leads to a

W ien’stypeofdisplacem entofthepeak,i.e.to theshiftofthepeak towardshigher

valuesoftheenergy param eter!rH ,re
ecting theincreasein thetem peratureofthe

radiating body.

In ordertobeabletoclearly perceivetheam ountofenhancem entoftheem ission

rate ofthe black hole asthe num berofextra dim ensions projected onto the brane

increases,we com pute the total
ux and power em issivities,for various values of

n,by integrating Eqs. (2.6) and (2.7) over allenergies. The results obtained are

displayed in Table 1. The relevant em issivities for di�erent values ofn have been

norm alized in term softhoseforn = 0.From theentriesofthetable,wem ay easily

see thatboth the
ux ofparticlesproduced and the am ountofenergy radiated per

unit tim e by the black hole on the brane are substantially enhanced,by orders of

m agnitude,asthenum berofextra dim ensionsincreases.

n = 0 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

Flux 1.0 4.75 13.0 27.4 49.3 79.9 121 172

Power 1.0 8.94 36.0 99.8 222 429 749 1220

Table 1:Flux and PowerEm issivitiesforScalarFieldson the brane

4.2 Spin 1/2 �elds

Unlikethecaseofscalar�elds,thestudy oftheem ission of�eldswith non-vanishing

spin involves,in principle,thestudy of�eldswith m orethan onecom ponent.Equa-

tion (3.3)dependson thehelicity num berswhich,upon takingdi�erentvalues,leads

to theradialequation fordi�erentcom ponentsofthe�eld.Asm entioned in section

3.2,theupperand lowercom ponentscarry m ainly thein-going and out-going parts,

respectively,ofthe �eld. Although knowledge ofboth com ponents is necessary in

orderto constructthe com plete solution forthe em itted �eld,the determ ination of

either ism ore than adequate to com pute the absorption coe�cient Â j,where j is

the totalangularm om entum num ber. Forexam ple,ifthe in-going wave isknown
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in the case ofthe em ission of�eldswith spin s = 1=2,Eq. (3.10)m ay be directly

writen as[26][38]

jÂ
(1=2)

j j2 =

�
�
�
�
�

A
(h)

in

A
(1 )

in

�
�
�
�
�

2

: (4.3)

The above follows by de�ning the incom ing 
ux ofa ferm ionic �eld as the radial

com ponent ofthe conserved current,J� =
p
2�

�

A B 	
A �	 B ,integrated over a two-

dim ensionalsphereand evaluated both atthehorizon and in�nity.

Thegreybody factorisagain related totheaforem entioned absorption probabil-

ity through Eq.(3.8)with ‘being replaced by j.By num erically solving theradial

equation Eq. (3.3)and com puting Â
(1=2)

j ,we obtain the behaviourofthe greybody

factor,in term s ofthe energy param eter !rH and num ber ofextra dim ensions n,

depicted in Figure 3. Atlow energies the greybody factorassum es,asin the case

ofscalar�elds,a non-zero asym ptotic value;thisdependson the dim ensionality of

spacetim e and increaseswith increasing n.The enhancem entof�
(1=2)

abs
(!)with n in

thelow-energy regim epersistsup tointerm ediatevaluesof!rH ,afterwhich thesitu-

ation isreversed:asn takeson largervalues,thegreybody factorbecom esm oreand

m oresuppressed.Thecom pleteanalyticresultsderived in [26]successfully describe

both thelow-energy behaviourand theexistence ofthe‘turning point’;however,as

expected,they failto giveaccurateinform ation forthehigh-energy regim e.Figure3

showsthatathigh energiesthe greybody factorsforferm ion �eldsoscillate around

the sam e asym ptotic values [determ ined by the e�ective radius (4.2)]as forscalar

�elds.

Theenergy em ission rateforferm ion �eldson thebrane,forvariousvaluesofn,

isshown in Figure 4. Asn increases,itisfound to be signi�cantly enhanced,both
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Figure 3:G reybody factorsforferm ion em ission on thebranefrom a (4+ n)D black hole.
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Figure 4:Energy em ission ratesforferm ionson thebranefrom a (4+ n)D black hole.

atlow and high energies,m ainly dueto theincreasein thetem peratureoftheblack

hole. The em ission curves exhibit the sam e features as for the em ission ofscalar

�elds,i.e.increaseoftheheightofthepeak by ordersofm agnitudeand shiftofthe

peak towardshigherenergies.Som equantitativeresultsregarding theenhancem ent

ofboth the 
ux and powerspectra forthe em ission offerm ions,asn increases,are

given in Table 2. Once again,the enhancem ent in both spectra with n is indeed

substantial,and even m oreim portantcom pared to theoneforscalarem ission.

n = 0 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

Flux 1.0 9.05 27.6 58.2 103 163 240 335

Power 1.0 14.2 59.5 162 352 664 1140 1830

Table 2:Flux and PowerEm issivitiesforFerm ionson the brane

4.3 Spin 1 �elds

In thecaseoftheem ission ofgaugeboson �elds,theincom ing 
ux can becom puted

by the(tr)-com ponentoftheenergy-m om entum tensor,T�� = 2�
�

A A 0�
�
B B 0	 A B �	 A 0B 0

,

integrated again over a two-dim ensionalsphere and evaluated at the horizon and

in�nity.Bym akinguseofthesolution forthein-goingwave,thefollowingexpression

fortheabsorption probability,Eq.(3.10),isobtained [26][38]:

jÂ
(1)

j j2 =
1

r2H

�
�
�
�
�

A
(h)

in

A
(1 )

in

�
�
�
�
�

2

: (4.4)
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Figure 6:Energy em ission ratesforgauge�eldson thebranefrom a (4+ n)D black hole.

The exactresultsforthe greybody factorsand energy em ission ratesforgauge

boson �eldsaregiven in Figures5 and 6 respectively.A distinctfeatureofthegrey-

body factorforgauge �elds,already known from the 4-dim ensionalcase,isthatit

vanisheswhen !rH ! 0.Thesam ebehaviourisobserved forevery valueofthenum -

berofextra dim ensions.Thisresultleadsto thesuppression oftheenergy em ission

rate,in the low-energy regim e,com pared to the onesforscalarand ferm ion �elds.

Up tointerm ediateenergiesthegreybodyfactorsexhibitthesam eenhancem entwith

increasing n asin thecaseofferm ion �elds,and asitwasanalytically shown in [26].
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A sim ilar asym ptotic behaviour,as in the previous cases,is observed in the high-

energy regim ewith each greybody factorassum ing,afteroscillation,thegeom etrical

opticsvaluewhich decreaseswith increasing n.Thisresultestablishestheexistence

ofa universalbehaviourofalltypes ofparticlesem itted by the black hole athigh

energies.Thisbehaviourisindependentoftheparticlespin butstrongly dependent

on thenum berofextra dim ensionsprojected onto thebrane.

W e m ay �nally obtain,asin the previouscases,the total
ux and powerem is-

sivitiesfortheem ission ofgauge�eldson thebrane,in term softhenum berofextra

dim ensionsn.Theexactresultsobtained by num erically integratingoverallenergies

aregiven in Table3.Asanticipated,thesam epattern ofenhancem entwith n isalso

observed fortheem ission ofgaugebosons.Itisworth noting thattheenhancem ent

observed in thiscaseisthelargestam ongstalltypesofparticles| thisresultpoints

to the dom inance ofthe em ission ofgauge bosons over other types ofparticles in

m odelswith largevaluesofn,aswewillshortly see.

n = 0 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

Flux 1.0 19.2 80.6 204 403 689 1070 1560

Power 1.0 27.1 144 441 1020 2000 3530 5740

Table 3:Flux and PowerEm issivitiesforG auge Fieldson thebrane

4.4 R elative Em issivities for di�erent species

Itwould be interesting to investigate how the relative num bersofscalars,ferm ions

and gaugebosons,em itted by theblack holeon thebrane,changeasthenum berof

extra dim ensionsprojected onto the brane varies. In otherwords,we would like to

know whattype ofparticlestheblack holeprefersto em it,fordi�erentvaluesofn,

and whatpartofthetotalenergy each particulartypeofparticlecarriesaway during

em ission.

Com paring the energy em ission rates(com puted in the previoussub-sections),

fordi�erenttypesofparticlesand for�xed n,can giveusthequalitativebehaviour.

Figures7(a)and 7(b)show,with a linearscale,the above quantitiesforn = 0 and

n = 6 respectively | notethatthese two �guressum m arize very clearly the e�ects

discussed in the previous sub-sections,i.e. the orders-of-m agnitude enhancem ent

ofthe em ission rates and the W ien’s displacem ent ofthe peak to the right,as n

increases.Figure7(a)revealsthat,in theabsence ofany extra dim ensions,m ostof

the energy ofthe black hole em itted on the brane isin the form ofscalarparticles;

the next m ost im portant are the ferm ion �elds,and less signi�cant are the gauge
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bosonson the braneforn = 0.(b):Thesam e,butforn = 6.

bosons.Asn increases,theem ission ratesforallspeciesareenhanced butnotatthe

sam e rate. Figure 7(b)clearly showsthat,fora large num berofextra dim ensions,

the m oste�ective ‘channel’during the em ission ofbrane localized m odesisthatof

gaugebosons;thescalarand ferm ion �eldsfollow second and third respectively.The

changein the
ux spectra,i.e.in thenum berofparticlesproduced by theblack hole

on thebrane,foreach speciesissim ilarasn increases.

In orderto quantify theabovebehaviour,wecom puted therelativeem issivities

forscalars,ferm ionsand gaugebosonsem itted on thebraneby integrating the
ux

(2.6)and energy (2.7)em ission spectra,fordi�erenttypesofparticles,overallener-

gies.Therelativeem issivitiesobtained in thisway areshown in Tables4and 5(they

arenorm alized to thescalarvalues).Notethattheratiosforn � 1 areavailablefor

the �rst tim e in the literature as a result ofthis num ericalwork,while the n = 0

s= 0 s= 1

2
s= 1

n = 0 1.0 0.37 0.11

n = 1 1.0 0.70 0.45

n = 2 1.0 0.77 0.69

n = 3 1.0 0.78 0.83

n = 4 1.0 0.76 0.91

n = 5 1.0 0.74 0.96

n = 6 1.0 0.73 0.99

n = 7 1.0 0.71 1.01

Blackbody 1.0 0.75 1.0

s= 0 s= 1

2
s= 1

n = 0 1.0 0.55 0.23

n = 1 1.0 0.87 0.69

n = 2 1.0 0.91 0.91

n = 3 1.0 0.89 1.00

n = 4 1.0 0.87 1.04

n = 5 1.0 0.85 1.06

n = 6 1.0 0.84 1.06

n = 7 1.0 0.82 1.07

Blackbody 1.0 0.87 1.0

Table 4:Flux em ission ratios Table 5:Powerem ission ratios
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results would appear to be the m ost accurate ones available. The entries in these

tablesre
ectthe qualitative behaviourdiscussed above forsom e extrem e valuesof

the num berofextra dim ensions. Forn = 0,the scalar�eldsare indeed the type of

particleswhich are m ostcom m only produced and the oneswhich carry away m ost

ofthe energy ofthe black hole em itted on the brane;the ferm ion and gauge �elds

carry approxim ately 1/2 and 1/4,respectively,ofthe energy em itted in the form

ofthe scalar �elds,and their 
uxes are only 1/3 and 1/10 ofthe scalar 
ux. For

interm ediate values ofn,the ferm ion and gauge boson em issivities have been con-

siderably enhanced com pared to the scalarone and have becom e ofapproxim ately

thesam em agnitude| e.g.forn = 2 theam ountofenergy spentby theblack hole

fortheem ission offerm ionsand gaugebosonsisexactly thesam e,although thenet

num berofgaugebosonsisstillsub-dom inant.Forlargevaluesofn,thesituation is

reversed:thegaugebosonsdom inateboth 
ux and powerspectra,with theem ission

offerm ionsbeing the leaste�ective ‘channel’both in term sofnum berofparticles

produced and energy em itted.W erem ind thereaderthattheaboveresultsreferto

theem ission ofindividualscalar,ferm ionicorbosonicdegreesoffreedom and notto

elem entary particles.

W em ay thusconcludethatnotonly them agnitudebutalsothetypeof
ux and

powerspectra produced by a sm all,higher-dim ensionalblack holestrongly depends

on the num berofextra dim ensions projected onto the brane. Therefore,upon de-

tecting theHawking radiation from such objects,theabovedistinctivefeaturecould

serve asan alternative way to determ ine thenum berofextra dim ensionsthatexist

in nature.

5.Em ission in the B ulk

An extrem ely im portant question regarding the em ission ofparticles by a higher-

dim ensionalblack hole is how m uch ofthis energy is radiated onto the brane and

how m uch islostin thebulk.In theform ercase,theem itted particlesarezero-m ode

gravitons and scalar �elds as wellas Standard M odelferm ions and gauge bosons,

while in the latter case allem itted energy is in the form ofm assive Kaluza-Klein

gravitonsand,possibly,scalar�elds. In [27],itwasshown thatthe whole towerof

KK excitationsofa given particlecarriesapproxim ately thesam eam ountofenergy

asthem asslesszero-m odeparticleem itted on thebrane.Com bining thisresultwith

thefactthatm any m oretypesofparticlesliveon thebranethan in thebulk,itwas

concluded that m ost ofthe energy ofthe black hole goes into brane m odes. The

resultsobtained in [27]wereonly approxim atesincethedependenceofthegreybody

factoron the energy ofthe em itted particle wasignored and the (low-energy valid)

geom etricexpression forthearea ofthehorizon wasused instead.

In orderto provide an accurate answerto the question ofhow m uch energy is

em itted intothebulk com pared toon thebrane,itisim perativethatthedependence
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ofthegreybody factoron both theenergy and num berofextra dim ensionsistaken

into account (for a sim ilar but incom plete | since the dependence on the energy

wasagain ignored | argum entin thisdirection,see [41]). In thissection,we �rst

thoroughly investigate the em ission ofscalarm odesin the bulk and produce exact

num ericalresultsforthebehaviourofgreybody factorsand energy em ission ratesin

term softhe energy and num berofextra dim ensions. Subsequently,we addressthe

abovequestion and providea de�niteanswerby com puting,fordi�erentvaluesofn,

thetotalbulk-to-branerelativeem issivities.

5.1 G reybody Factors and Em ission R ates

In this section,we turn to the investigation ofthe em ission ofbulk m odes from a

higher-dim ensionalblackhole.Thisanalysisisrelevantforgravitonsandscalar�elds,

and requiresknowledgeofthesolutionsofthecorresponding equationsofm otion in

thebulk.Here,wewillfocuson thecaseofscalar�eldsforwhich thebulk equation

isknown | the em ission ofbulk scalarm odeswaspreviously studied analytically,

in thelow-energy regim e,in [25].

A scalar �eld propagating in the background of a higher-dim ensional, non-

rotating,Schwarzschild-like black hole,whose line-elem ent is given by Eq. (2.1),

satis�esthefollowing equation ofm otion [25]

h(r)

rn+ 2

d

dr

�

h(r)rn+ 2
dR

dr

�

+

�

!
2 �

h(r)

r2
‘(‘+ n + 1)

�

R = 0: (5.1)

Asin thecaseoftheem ission ofparticleson thebrane,thedeterm ination ofthe

greybody factorforem ission in the bulk dem ands solving the above equation over

thewholeradialdom ain.Theexactsolution fortheradialfunction m ustinterpolate

between thenear-horizon and far-�eld asym ptoticsolutions,given by

R
(h) = A

(h)

in e
�i!r �

+ A
(h)

oute
i!r�

; (5.2)

and

R
(1 ) = A

(1 )

in

e�i!r
p
rn+ 2

+ A
(1 )

out

ei!r
p
rn+ 2

; (5.3)

respectively. W e im pose again the boundary condition that no out-going solution

should existnearthe horizon ofthe black hole,and therefore we setA
(h)

out = 0.The

solution atin�nity com prises,asusual,both in-going and out-going m odes.

The expression forthe absorption probability j~A ‘j
2 m ay then be derived either

by using Eq. (4.1) or by calculating directly the ratio jA
(h)

in =A
(1 )

in j| note that,

henceforth,quantitieswith atildedenotebulk quantities(asopposed tobranequan-

tities which carry a hat). The corresponding greybody factor ~�‘(!) m ay then be

determ ined by using the relation (2.8). The dim ensionality ofthe greybody factor

changes asthe num ber ofextra dim ensions n varies;therefore,in orderto be able
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to com pare itsvaluesfordi�erentn,we norm alize itsexpression to the area ofthe

horizon ofthe(4+ n)-dim ensionalblack hole.Thus,werewriteEq.(2.8)in theform

~�‘(!)=
2n

�
�
hn + 3

2

i2 ~A H

(!rH )
n+ 2

~N ‘j~A ‘j
2
; (5.4)

where ~N ‘ isthem ultiplicity ofstatescorrespondingtothesam epartialwave‘,given

fora (4+ n)-dim ensionalspacetim e by

~N ‘ =
(2‘+ n + 1)(‘+ n)!

‘!(n + 1)!
; (5.5)

and ~A H isthehorizon area in thebulk de�ned as

~A H = r
n+ 2
H

Z
2�

0

d’

n+ 1Y

k= 1

Z �

0

sink �n+ 1 dsin�n+ 1

= r
n+ 2
H (2�)

n+ 1Y

k= 1

p
�
�[(k+ 1)=2]

�[(k+ 2)=2]

= r
n+ 2
H (2�)�(n+ 1)=2�

hn + 3

2

i
�1

: (5.6)

Equation (5.4)allowsusto com putethelow-energy lim itofthegreybody factor

once thecorresponding expression oftheabsorption coe�cientisdeterm ined.Ana-

lytic resultsfor ~A ‘ were derived in [25]by solving Eq. (5.1)in the two asym ptotic

regim es,thenear-horizon and far-�eld,and m atching them in an interm ediatezone.

Itwasfound thatthe low-energy expression ofthe absorption coe�cient,for‘= 0,

hastheform

j~A 0j
2 =

�
!rH

2

�n+ 2 4�

�[(n + 3)=2]2
+ :::; (5.7)

where the dots denote higher-order term s in the power-expansion in !rH . These

term s,aswellasthecorrespondingexpressionsof ~A ‘ forhigherpartialwaves,vanish

quickly in the lim it !rH ! 0,leaving the above term as the dom inant one. Sub-

stituting into Eq. (5.4),we easily see that,in the low-energy regim e,the greybody

factorisgiven by the area ~A H ofthe horizon ofthe black hole. This behaviour is

sim ilar to the 4-dim ensionalcase;however,note that,in thiscase,the area ofthe

horizon changesasn varies.

In thehigh-energy regim e,weanticipaterecovering theequivalentofthe(4+ n)-

dim ensionalgeom etricaloptics lim it. In four dim ensions,the low-energy lim it for

the greybody factor,4�r2H ,goes over to the geom etricaloptics value �r2c at high

energy. This has led to the na��ve generalization that,in an arbitrary num ber of

dim ensions,thehigh-energyexpression forthegreybodyfactorwillbeapproxim ately


n+ 2r
n+ 2
c =4,where 
n+ 2 isthe volum e elem ent ofthe (n + 2)-dim ensionalsphere.

W ewillshortly seethatthisisin factan over-estim ateofthevalueofthegreybody
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factor in the high-energy regim e. As in four dim ensions,we willassum e that,for

large values ofthe energy ofthe scattered particle,the greybody factor becom es

equalto the area ofan absorptive body ofradiusrc which isprojected on a plane

paralleltotheoneoftheorbitofthem ovingparticle[31].AccordingtoRef.[27],the

value ofthe e�ective radiusrc rem ainsthe sam e both forbulk and brane particles

and itisgiven by Eq.(4.2).Theareaoftheabsorptivebodydependsstrongly on the

dim ensionality ofspacetim eand itscalculation dem andssettingoneoftheazim uthal

anglesequalto �=2. A carefulcalculation revealsthatthe ‘projected’area isgiven

by

~A p =
2�

(n + 2)

�n=2

�[(n + 2)=2]
r
n+ 2
c =

1

n + 2

n+ 1r

n+ 2
c : (5.8)

The above relation reduces to the usual4-dim ensionalresult ~A p = �r2c,for n =

0, while it leads to values reduced by 50% , com pared to the na��ve expression


n+ 2r
n+ 2
c =4,for higher values ofn. Assum ing that the greybody factor at high

energies becom es equalto the absorptive area ~A p ofradius rc,we m ay explicitly

write:

~�‘(!)=
1

n + 2


n+ 1


n+ 2

�
rc

rH

�n+ 2

~A H

=
1

p
� (n + 2)

�[(n + 3)=2]

�[(n + 2)=2]

�
n + 3

2

�(n+ 2)=(n+ 1)� n + 3

n + 1

� (n+ 2)=2

~A H : (5.9)

In the above,we have used the sam e norm alization,in term s ofthe area ofthe

(4+ n)-dim ensionalhorizon,asin thelow-energy regim e.

Turning now to thenum ericalanalysis,wem ay �nd theexpressionsofthegrey-

body factors,forvariousvaluesofn and forallenergy regim es,by using Eq. (5.4)

and the exact num ericalresults forthe absorption coe�cients. Their behaviour is

shown in Figure8.Asitwasanticipated aftertheabovediscussion,thenorm alized

greybody factors,in thelow-energy regim e,tend to unity forallvaluesofn,aseach

one ofthem adoptsthe value ofthe area ofthe black hole horizon to which ithas

been norm alized.Asin thecaseoftheem ission ofscalar�eldson thebrane,thegrey-

body factorsaresuppressed in thelow-energy regim e,asn increases,whilethey start

oscillating atinterm ediate energies and �nally adopttheir asym ptotic high-energy

lim it.A sim plenum ericalanalysisshowsthatthena��veexpression 
n+ 2r
n+ 2
c =4 fails

to describethehigh-energy asym ptoticlim itsforallvaluesofn largerthan zero.On

the otherhand,the expression (5.9)givesasym ptotic valueswhich are m uch closer

to the onesdepicted in Figure 8,butthese valuesstilldeviate from the exactones

asn increases.A m oresophisticated analysisisthusnecessary in ordertodeterm ine

the exacthigh-energy lim itforem ission in the bulk which m ightlead eitherto the

reconsideration oftheabsorptive-area argum entforn � 1,orto theintroduction of

a correcting term thatsuppressestheasym ptoticvalue(5.9)asn increases.
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0

0.0005

0.001

0.0015

0.002

0.0025

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

d2 E
/d

td
ω 

 [r
-1 H
 ]

~

ω rH

n=0

n=1

n=2

n=3

Figure 9:Energy em ission ratesforscalar�eldsin thebulk from a (4+ n)D black hole.

In general,the suppression ofthe greybody factorforbulk em ission atlow en-

ergies is m ilder than the one for brane em ission. This,however,does not lead to

higher em ission rates forthe bulk m odes com pared to those forbrane m odes: the

integration overthe phase-space in Eq. (2.7)involvespowersof(!rH )which cause

an increasingly suppressive e�ect,in the low-energy regim e,asn increases. Never-

theless,the increase in the tem perature ofthe black hole,which is again given by

TB H = (n+ 1)=4�rH ,eventually overcom esthedecreasein thevalueofthegreybody

factor and causes the enhancem ent ofthe em ission rate with n at high energies.
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The behaviourofthe di�erentialenergy em ission ratesasa function ofthe energy

param eter!rH and forsom e indicative num bersofextra dim ensionsisdepicted in

Figure 9. After the aforem entioned suppression at the low-energy regim e as n in-

creases,theenergy em ission ratessoon becom eenhanced,with thepeak ofthecurve

becom ing higherand corresponding to largervaluesof!rH .Itisworth noting that

thefullanalyticresults,which m ay bederived from theanalysisofRef.[25],success-

fully describethelow-energy behaviourofboth thegreybody factorsand theenergy

em ission ratesfortheem ission ofscalar�eldsin thebulk.

5.2 B ulk-to-B rane R elative Em issivities

In thissection,weperform an analysisaim ingatprovidingan answertothequestion

oftherelativebulk-to-braneem issivity.W eevaluatethedi�erentialenergy em ission

rates in the bulk and on the brane,and com pare the two quantities for di�erent

num bersofextra dim ensions.

Equation (2.7)forenergy em ission in the bulk m ay be alternatively written,in

term softheabsorption coe�cient,as

d~E (!)

dt
=

X

‘

~N ‘j~A ‘j
2

!

exp(!=TB H )� 1

d!

2�
: (5.10)

Theabovem ustbecom pared with thecorresponding expression fortheem ission of

brane-localized m odesgiven by

dÊ (!)

dt
=

X

‘

N̂ ‘jÂ ‘j
2

!

exp(!=TB H )� 1

d!

2�
; (5.11)

where N̂ ‘ = 2‘+ 1. Since both bulk and brane m odes‘feel’the sam e tem perature,

therelativebulk-to-braneratio ofthetwo energy em ission rateswillbesim ply given

by theexpression

d~E =dt

dÊ =dt
=

P

‘
~N ‘j~A ‘j

2

P

‘ N̂ ‘jÂ ‘j
2
; (5.12)

and willdepend on the scaling ofthe m ultiplicities ofstates and the absorption

coe�cients 2 with n. Asisclearfrom Eq. (5.5),the m ultiplicity ofbulk m odes ~N ‘

increases quickly for increasing n,while N̂ ‘ rem ains the sam e. However,it turns

outthattheenhancem entoftheabsorption probability jÂ ‘j
2 forbraneem ission,as

n increases,is in totalconsiderably greater than the one for bulk em ission. This

leads to the dom inance ofthe em ission ofbrane-localized m odesover bulk m odes,

which aswe willsee becom esstrongerforinterm ediate valuesofn. The behaviour

ofthisratio isdepicted in Figure10.W eobservethat,in thelow-energy regim e,the

2Note thatthe absorption coe� cientsrelated to the greybody factorsthrough Eq. (2.8),with

a m ultiplicative coe� cient that depends both on !rH and n,m ight have a com pletely di� erent

behaviourfrom the greybody factorsthem selves.
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Figure 10: Bulk-to-Brane energy em ission rates for scalar �elds from a (4+ n)D black

hole.

ratio is suppressed,forlarge values ofn,by m any orders ofm agnitude,com pared

to the value ofunity forn = 0. In the high-energy regim e on the otherhand,the

suppression becom essm allerand theratio seem sto approach unity.A m orecareful

exam ination revealsthat,in fact,thebulk m odesdom inateoverthebranem odesin

a lim ited high-energy regim ethatbecom esbroaderasn increases.

A de�nite conclusion regarding the relative am ountofenergy which isem itted

in the two ‘channels’| bulk and brane | can only be drawn ifthe corresponding

totalenergy em issivitiescan becom puted.By integrating the areasunderthebulk

and braneenergy em ission ratecurves,for�xed valueofn,and taking theirratiowe

were ableto determ ine the relative energy em ission rates.The resultsobtained,for

valuesofn from 1 to 7,aregiven in Table6.

n = 0 n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7

Bulk/Brane 1.0 0.40 0.24 0.22 0.24 0.33 0.52 0.93

Table 6:Relative Bulk-to-Brane Energy Em ission RatesforScalarFields

From theentriesoftheaboveTable,itbecom esclearthattheem ission ofbrane-

localized scalar m odes is indeed dom inant,in term s ofthe energy em itted,for all

values ofn greater than zero and up to 7. As n increases, the ratio ofbulk to

brane em ission gradually becom essm aller,and becom esparticularly suppressed for

interm ediatevaluesofthenum berofextradim ensions,i.e.n = 2;3;4and 5;in these

cases,thetotalenergy em itted in thebulk variesbetween 1/3and 1/4approxim ately
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ofthatem itted on thebrane.Asn increasesfurther,thehigh-energy dom inance of

the bulk m odes,m entioned above,gives a boostto the value ofthe bulk-to-brane

ratio thuscausing itsincrease | nevertheless,theenergy ratio neverexceedsunity.

This m eans that m ost ofthe energy ofthe higher-dim ensionalblack hole,in the

‘scalar’channel,is em itted directly on the brane,in the form ofzero-m ode scalar

�eldsinstead ofm odesin thebulk.

Theaboveanalysisprovidesexact,accurateresultsfortheenergy em ission rates

for brane and bulk scalar m odes and gives considerable support to earlier,m ore

heuristic,argum ents[27],according to which a (4+ n)-dim ensionalblack holeem its

m ainlybranem odes.A com pletecon�rm ation dem andsperform ingasim ilaranalysis

fortheem ission ofgravitonsand theresultswillbereported elsewhere.

6.C onclusions

Therevivaloftheideaoftheexistenceofextraspace-likedim ensionsinnaturehasled

totheform ulation oftheoriesthatallow forasigni�cantlylowerenergyscaleatwhich

gravity becom es strong. Thishasopened the way forthe proposalofthe creation

ofm iniaturehigher-dim ensionalblack holesduring collisionsofenergeticparticlesin

theearth’satm osphereoratground-based particlecolliders.Theseblack holeshave

atem peraturethatdependson detailsofthehigher-dim ensionalbackground,such as

thehorizon radiusand thenum berofspatialdim ensions,and,upon im plem entation

ofquantum e�ects,em it Hawking radiation. In this paper,we have studied in an

exactway theem ission ofHawking radiation both on thebraneand in thebulk from

non-rotating,uncharged (4+ n)-dim ensionalblack holes,and searched fordistinctive

featuresin the radiation spectra which would allow usto determ ine the num berof

extra dim ensions that exist in nature. At the sam e tim e,we provided answers to

questionsthathad rem ained open from previousanalysesin theliterature.

Focusing initially on the em ission ofbrane-localized m odes, we have derived

a m aster equation describing the m otion of a �eld with arbitrary spin s in the

spherically-sym m etric black hole background induced on the brane. W e then pro-

vided exact,num ericalresultsforthegreybody factorsand em ission ratesforscalars,

ferm ionsand gaugebosons.These resultsarevalid in allenergy regim es,and agree

with the fullanalytic resultsderived in [26]atlow-and interm ediate-energy scales.

Thegreybodyfactorsinterpolatebetween thelow-and high-energyasym ptoticlim its

in a way thatdependsboth on theirspin and thedim ensionality ofspacetim e:while

they adoptthesam easym ptoticvalues(which decreaseasn increases)forallparticle

speciesin the high-energy regim e,in the low-energy lim itthe greybody factorsare

enhanced asn increasesfors= 1 and 1

2
,and suppressed fors= 0.Therefore,their

im plem entation in thecalculation oftheem ission ratesisim perativeifonewantsto

deriveaccurateresultsforthesequantities.By doing that,theenergy em ission rates

obtained reveala substantialenhancem entasthe num berofextra dim ensionspro-
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jected onto thebraneincreases.Theenhancem entam ountsto ordersofm agnitude,

for large values ofn and for allparticle species,although the increase in the rate

depends strongly on the spin ofthe particle studied. The com puted totalrelative

em issivitiesrevealthatscalar�elds,which arethedom inantform ofparticlesem itted

by theblack holeforn = 0,areoutnum bered by thegaugebosonsforlargevaluesof

n,with theferm ionsbeingtheleaste�ectivechannelduringtheem ission.Therefore,

both theam ountand thetypeoftheem itted radiation by ahigher-dim ensionalblack

hole directly on thebranem ay possibly lead to thedeterm ination ofthenum berof

extra dim ensions.

The em ission ofparticle m odes on the brane is the m ost phenom enologically

interestinge�ectsinceitinvolvesStandardM odelparticlesthatcanbeeasilydetected

during experim ents. Nevertheless,a sm allhigher-dim ensionalblack hole em itsalso

bulk m odes and inevitably a proportion ofthe totalenergy is lost into the bulk.

In the second partofthispaper,we investigated thedetailsofthe em ission ofbulk

scalarm odeswith the�nalaim beingtoprovidean accurateestim atefortherelative

bulk-to-brane energy em issivity. The corresponding greybody factorsdepend again

on thedim ensionality ofspacetim eand sodotheenergy em ission ratesthatexhibita

sim ilar,although lesssubstantial,enhancem entasn increases.Com paring thetotal

bulk and brane em ission ratesforscalars,integrated overthe whole energy regim e,

weconcludethatm ostoftheenergy oftheblack holeisem itted in theform ofbrane

m odesforallvaluesofn. The totalem issivity in the bulk reducesto lessthan 1/4

ofthat on the brane for n = 2;3;4,while it becom es substantialfor the extrem e

value ofn = 7,without however exceeding the brane value. The accurate results,

produced hereforthe�rsttim ein theliterature,clarify thesituation concerning the

relative am ountsofenergy em itted in the bulk and on the brane,and provide �rm

supportto theheuristicargum entsm adein Ref.[27].

W e should note atthispointthatno resultswere presented in thispapercon-

cerning theem ission ofgravitonseitheron thebraneorin thebulk.Thederivation

ofa consistentequation,thatcan describe the m otion ofgravitonson the induced

black hole background on the brane,is stillunder investigation. Nevertheless,we

expect that,as in the case ofthe em ission of�elds with spin s = 0;1 and 1

2
,the

graviton em ission becom es enhanced as the dim ensionality ofspacetim e increases,

and thatitrem ainssubdom inantcom pared to thatofthe otherspeciesatleastfor

sm allvaluesofn.In thenearfuture,wehopeto beableto presentcom pleteresults

forthe em ission ratesforgravitonson the brane,and forthe relative bulk-to-brane

graviton em issivity.

A �nalcom m ent needs to be m ade here concerning the validity ofthe results

derived in thiswork. Aspointed outin the text,the horizon ofthe black hole and

itsm ass,orequivalently theenergy needed fortheproduction ofthem iniatureblack

hole,isan inputparam eteroftheanalysis.Ourresultsareapplicableforallvalues

ofrH which aresm allerthan thesizeoftheextradim ensionsR,nom atterhow sm all
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orlarge R is(aslong asitrem ains considerably largerthan ‘P l to avoid quantum

corrections). Our analysis therefore rem ains valid for alltheories postulating the

existence of
at extra dim ensions and a fundam entalscale ofgravity even a few

ordersofm agnitudelowerthan M P l.Iftheem ission ofHawkingradiation from these

black holesissuccessfully detected,eitheratnext-generation collidersorin them ore

distantfuture,thedistinctivefeaturesdiscussed herem ay help in thedeterm ination

ofthenum berofextra dim ensionsthatexistin nature.
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A ppendix

In thisAppendix,weprovidea few stepsin theNewm an-Penrose form alism forthe

derivation ofthe m asterequation describing the m otion ofa particle with spin s in

the background ofa higher-dim ensional,non-rotating,neutralblack hole projected

onto a3-brane.Thecorresponding 4-dim ensionalm etrictensorisgiven in Eq.(3.1).

W e�rstneed to choosea tetrad basisofnullvectors(‘�;n�;m �;�m �),where‘and n

arerealvectorsand m and �m area pairofcom plex conjugatevectors.They satisfy

the relations: l� n = 1,m � �m = � 1,with allother products being zero. Such a

tetrad basisisgiven by:

‘
� =

�1

h
;1;0;0

�

; n
� =

�1

2
;�

h

2
;0;0

�

;

m
� =

�

0;0;1;
i

sin�

� 1
p
2r

; �m � =
�

0;0;1;
� i

sin�

� 1
p
2r

: (1)

The �abc coe�cients,which are used to construct the spin coe� cients,are de-

�ned as: �abc = (eb)i;j

h

(ea)
i(ec)

j � (ea)
j(ec)

i
i

,where ea stands for each one ofthe

nullvectors and (i;j)denote the com ponents ofeach vector. Their non-vanishing

com ponentsarefound to be:

�122 = �
h0

2
; �134 =

1

r
; �234 = �

h

2r
; �334 =

cos�
p
2rsin�

: (2)

Theabovecom ponentsm ustbesupplem ented by thosethatfollow from thesym m e-

try �abc = � �cba and thecom plex conjugatesobtained by replacing an index 3 by 4

(orviceversa)orinterchanging 3 and 4 (when they areboth present).
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W em aynow com putethespin coe� cientsde�ned by
abc = (�abc+ �cab� �bca)=2.

Particularcom ponents,orcom binations,ofthespin coe�cientscan bedirectly used

in the�eld equations[35,36].They arefound to havethevalues:

� = � = � = � = � = � = � = 0;

� = �
1

r
; � = �

h

2r
; 
 =

h0

4
; � = � � = �

cot�

2
p
2r

: (3)

In whatfollows,wewillalso em ploy theNewm an-Penrose operators:

D̂ =
1

h

@

@t
+

@

@r
; �̂ =

1

2

@

@t
�
h

2

@

@r
; �̂ =

1
p
2r

� @

@�
+

i

sin�

@

@’

�

; (4)

and m akeuseofthefollowing �eld factorization:

	 s(t;r;�;’)= e
�i!t

e
im ’

R s(r)S
m
s;‘(�); (5)

whereY m
s;‘ = eim ’ Sm

s;‘(�)arethespin-weighted sphericalharm onics[37].W ewillnow

considereach typeof�eld separately:

I.G auge B osons (s= 1)

In theNewm an-Penroseform alism ,thereareonly three‘degreesoffreedom ’for

a gauge�eld,nam ely � 0 = F13,�1 = (F12 + F43)=2 and �2 = F42,in term sofwhich

the di�erent com ponents ofthe Yang-M ills equation fora m assless gauge �eld are

written as:

(D̂ � 2�)�1 � (̂�� � 2�)�0 = 0; (6)

�̂ �1 � (̂�+ � � 2
)�0 = 0; (7)

(D̂ � �)�2 � �̂
��1 = 0; (8)

(̂� + 2�)�2 � (̂�+ 2�)� 1 = 0; (9)

where �̂� standsforthecom plexconjugateof�̂.RearrangingEqs.(6)-(7),onecan see

that�1 decouplesleaving behind an equation involving only �0.Using the explicit

form softheoperatorsand spin coe�cients,aswellasthefactorized ansatz(5),this

can beseparated into an angularequation,

1

sin�

d

d�

�

sin�
dSm

1;‘

d�

�

+

�

�
2m cot�

sin�
�

m 2

sin2�
+ 1� cot2� + �1‘

�

S
m
1;‘(�)= 0; (10)

with eigenvalue�s‘ = ‘(‘+ 1)� s(s+ 1),and a radialequation:

1

�

d

dr

�

� 2
dR 1

dr

�

+

�
!2r2

h
+ 2i!r�

i!r2h0

h
+ (� 00� 2)� �1‘

�

R 1(r)= 0; (11)
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wherewehavede�ned �= hr 2.

II.Ferm ion Fields (s= 1=2)

Foram asslesstwo-com ponentspinor�eld,theDiracequation can bewritten as:

(̂�� � �)�0 = (D̂ � �)�1; (12)

(�̂+ � � 
)�0 = (̂� + �)�1: (13)

Perform ing a sim ilar rearrangem ent as in the case ofbosons, we �nd that �1 is

decoupled and thattheequation for�0 reducesto thefollowing setofangular,

1

sin�

d

d�

�

sin�
dSm

1=2;‘

d�

�

+

�

�
m cot�

sin�
�

m 2

sin2�
+
1

2
�
1

4
cot2�+ �1

2
‘

�

S
m
1=2;‘(�)= 0;(14)

and radial,

1
p
�

d

dr

�

� 3=2
dR 1=2

dr

�

+

�
!2r2

h
+ i!r�

i!r2h0

2h
+
1

2
(� 00� 2)� �1

2
‘

�

R 1=2(r)= 0;(15)

equations,with thesam ede�nitionsfor� and � s‘ asbefore.

III.Scalar Fields (s= 0)

For com pleteness,we add here the equation ofm otion for a scalar �eld prop-

agating in the sam e background. Thisequation can be determ ined quite easily by

evaluating the double covariant derivative g��D �D � acting on the scalar �eld. It

�nally leadsto thepairofequations

1

sin�

d

d�

�

sin�
dSm

0;‘

d�

�

+

�

�
m 2

sin2�
+ �0‘

�

S
m
0;‘ = 0; (16)

d

dr

�

�
dR 0

dr

�

+
�!2r2

h
� �0‘

�

R 0(r)= 0; (17)

where Y m
0;‘ = eim ’ Sm

0;‘(�) are the usualsphericalharm onics Ym‘ (�;’) and �0‘ =

‘(‘+ 1). The above equations were used in [25]for the analytic determ ination of

the greybody factorsforthe em ission ofscalarparticles on the brane by a higher-

dim ensionalblack hole.

IV .M aster Equation for a �eld w ith arbitrary spin s

Com bining alltheaboveequationsderived forbosons,ferm ionsand scalar�elds,

wem ay now rewritethem in theform ofam asterequation valid foralltypesof�elds.

Theradialequation then takestheform :

� �s d

dr

�

� s+ 1 dR s

dr

�

+

�
!2r2

h
+ 2is! r�

is! r2h0

h
+ s(� 00� 2)� �s‘

�

R s(r)= 0;(18)
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while,theangularequation reads

1

sin�

d

d�

�

sin�
dSm

s;‘

d�

�

+

�

�
2m scot�

sin�
�

m 2

sin2�
+ s� s

2cot2� + �s‘

�

S
m
s;‘ = 0: (19)

Thelatterequation isidenticalto theonederived by Teukolsky [34]in thecaseofa

non-rotating,spherically-sym m etric black hole. The radialone di�ersby the extra

factors(� 00� 2)due to the factthatforourm etric tensorthiscom bination isnot

zero,contrary to what happens in the case ofthe 4-dim ensionalSchwarzschild,or

Kerr,m etric.The� 00-term can berem oved ifwem aketherede�nition R s = � �s Ps.

Then,weobtain:

� s
d

dr

�

� 1�s
dPs

dr

�

+

�
!2r2

h
+ 2is! r�

is! r2h0

h
� �

�

Ps(r)= 0; (20)

where now � = � s‘ + 2s = ‘(‘+ 1)� s(s� 1). The above form ofthe radial

equation wasused in [26]to determ inein an analyticway thegreybody factorsand

em ission rates for the em ission offerm ions and gauge bosons on the brane by a

higher-dim ensional,spherically-sym m etric black hole.
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