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Abstract

Effects of dust grain charge fluctuation, obliqueness and external magnetic field on finite
amplitude dust-acoustic solitary potential in a magnetized dusty plasma, consisting of electrons,
ions and charge fluctuating dust grains, have been investigated by the reductive perturbation
method. It has been shown that such a magnetized dusty plasma system may support dust-
acoustic solitary potential on a very slow time scale involving the motion of dust grains, whose
charge is self-consistently determined by local electron and ion currents. The effects of dust grain
charge fluctuation, external magnetic field and obliqueness are found to modify the properties of
this dust-acoustic solitary potential significantly. The implications of these results to some space
and astrophysical dusty plasma systems, especially to planetary ring-systems and cometary tails,

are briefly mentioned.
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1. Introduction

Recently, there has been a great deal of interest in understanding different types of collec-
tive processes in dusty plasmas {plasmas with extremely massive and negatively charged dust
grains), because of its vital role in the study of astrophysical and space environments, such as,
asteroid zones, planetary atmospheres, interstellar media, circumstellar disks, dark molecular
clouds, cometary tails, nebulae, earth’s environment, etc. f1-7]. These dust grains are invari-
ably immersed in the ambient plasma and radiative background. The interaction of these dust
grains with the other plasma particles (viz. electrons and ions) is due to the charge carried by
them. The dust grain is charged by a number of competing processes, depending upon the local
conditions, such as, photoelectric emission stimulated by the ultra-violet radiation, collisional
charging by electrons and ions, disruption and secondary emission due to the Maxwellian stress,
etc. [8-12].

Tt has been found that the presence of static charged dust grains modifies the existing plasma
wave spectra [13-20]. Bliokh and Yaroshenko [13] studied electrostatic waves in dusty plasmas
and applied their results in interpreting spoke-like structures in Saturn’s rings (revealed by
Voyager space mission [21]). Angelis ef al. [14] investigated the propagation of ion acoustic waves
in a dusty plasma, in which a spatial inhomogeneity is created by a distribution of immobile dust
particles [22]. They {14] applied their results in interpreting the low frequency noise enhancement
observed by the Vega and Giotto space probes in the dusty regions of Halley’s comet [23].

On the other hand, it has been shown both theorctically and experimentally that the dust
charge dynamics introduces new eigenmodes [24-33]. The dust-acoustic mode 124-28], where
dust particle mass provides the inertia and the pressures of electrons and ions give rise to the
restoring force, is one of them. Rao et al. [24] have first reported theoretically the existence
of extremely low phase velocity {in comparison with the electron and ion thermal velocities)
dust-acoustic waves in an unmagnetized dusty plasma. The laboratory experiments of Barkan
et al. [27) and D’Angelo [28] have conclusively verified this theoretical prediction of Rao ef al.

[24] and reported some nonlinear features of the dust-acoustic waves.

Recently, motivated by the experimental observations [27,28] of these low phase velocity dust-
acoustic waves, a number of investigations [34-38] have been made to study nonlinear properties
of these novel dust-acoustic waves. Most of these works have considered an unmagnetized dusty
plasma system containing dust grains of constant negative charge. The assumption of the dust
grains having constant negative charge in such a plasma system virtually represents a plasma
with heavy species of negative ions. However, the charge of the dust grain varies according to
the local plasma currents flowing into the surface of these grains. Thus, the grain charge is a
variable which has to be determined self-consistently by its charging currents. On the other
hand, it is well known that the effects of external magnetic field and obliqueness, which have
also not been considered in these earlier investigations [34-38], drastically modify the properties

of the electrostatic solitary structures [39-41]. Thus, to examine the effects of the dust grain



charge fluctuation, external magnetic field and obliqueness, in the present work we have studied
the obliquely propagating dust-acoustic solitary waves in a magnetized dusty plasma system
consisting of electrons, ions and dust grains whose charge is self consistently determined by the
local electron and ion currents flowing to the surface of these dust grains.

The paper is organized as follows. The basic equations governing the plasma system under
consideration is presented in section 2. The Korteweg de Vries (K-dV) equation is derived by
employing the reductive perturbation method in section 3. The solitary wave solution of this K-
dV equation is obtained and the properties of these electrostatic solitary potential are discussed

in section 4. Finally, a brief discussion is given in section 5.

2. Governing equations

We consider a three component magnetized dusty plasma system consisting of electrons, ions
and cold, inertial, charge fluctuating dust grains whose charge varies according to the local
plasma currents flowing into the surface of these grains. This plasma system is assumed to be
immersed in an external static magnetic field (Bg {| 2). On the extremely slow dust time scale,
the electrons and ions are in local thermodynamic equilibrium and their number densities, n,

and nj, obey the Boltzmann distribution (3, 24-26):

Ne = Neo XP (E%)

Ny = Njp €XP (—ﬁ% ) .
where ngg (njp) and Te (T)) are the equilibrium number density and temperature of electrons
(ions), respectively;  is the electrostatic wave potential; e is the magnitude of the electron
charge; kg is the Boltzmann constant. The dust particles are all assumed to be spherical with
the same radius ag and surface charge gy. If the dust particles are charged by plasma currents

due to the colliding electrons and ions, we have for the electron (ion) current I, (I;) [3]:

BkpgT,
Te(a, 9) = —mafe(2Le) /20, exp (447,

2}
8knT, (
Ii(aar 0) = mae( %2 20, exp (- aaer),

where me (m;) is the mass of an electron (ion). The dynamics of low phase velocity (lying
between the ion and dust thermal velocities, viz., viq << vp << vy;) dust-acoustic osciilations

is governed by [24-26]

b,
%‘f + V- (nqug) =0, (3)
dugq _ G4

B + (ug - Viug = —m—dvfp-f" mdc(ud x By), (1)
Oaa A

at + (4 - V)ga = L{qa, ) + Li(ga, ), (5)
Vg = dnle(n, — n;) — gangl, (6)

where ng is the dust particle number density; ug is the dust fluid velocity; my is dust particle

mass; ¢ is the speed of light in vacuum.



3. Derivation of the K-dV equation
To examine the nature of the dust-acoustic solitary potential in our dusty plasma model, we
construct a weakly nonlinear theory of the dust-acoustic waves with small but finite amplitude

which leads to the scaling of the independent variables through the stretched coordinates {41,42]

{;’ = 61/2(,]Ix+£yy+lzz— ’Ugt), } (7)

T= (:3/2t,

where ¢ is a small parameter measuring the weakness of the dispersion, vp is the wave phase
velocity; Iy, Iy and [; are the directional cosines of the wave vector k along the z-, y- and z-axes,
respectively, so that 2+ lg + 13 = 1. We can expand the perturbed quantities ng, g, ¥ and ug;
about their equilibrium values (equilibrium values of ng and g4 are ngo and ggp, respectively) in
power of € by following Refs. 41 and 42. To obtain x- and y-components of dust electric field
and polarization drifts, we can expand the perturbed quantities tg; y by following a standard

technique [41] where the terms of €3/2 are included. Thus, we can expand ng, g4, ¥ and Ugzy.z

as [40,41]
Ng = Ngp + en(l) + eznf) +oere , W
i = aao el + gD
e=0+ep) + 2@ 4.0 ) (8)

ug, =0+ eu&lz) + € udw)

Udz,y = 0+ 63/2u§2y +e%u Ei.)y R .

Now, using {7) and (8) in (5) and (6) [with {1) and (2)], we obtain zeroth order equations which

give
L(p = 0,94 = qao) + le(p = 0,44 = quo) = 0, (9)
€nep — enjp — gaonod = U.

If we set gao = —Zge (where Z; is the number of electrons residing on the dust grain at equi-

librium), at equilibrium we have nj, = Zango + neo- This is used by a number of authors, for
example, Rao et al. [24], Mamun et al. [34,35], Kotsarenko el al. [37], Roychoudhury and
Chatterjee [38], etc., who have neglected the dust grain charge fluctuation. Again, using (7) and
(8) in (3) — (B) one can obtain the first order perturbation equations which, after simplification,
yield

ug,) = b (40,

n{) = ngo(4)2(10) 00,

(10)
o

= —adnp(”,

v = fz\/f(;—j,
where p = dmagAhong is a dimensionless parameter [10,25] which estimates whether the back-
ground dust cloud is tenuous or dense; Apo = [Zsze'i(4Wﬂ50€2)/kBTs]_l/2; Co = wpoADo;
wpo = (47md0q§0/md)1/2. Tt should be mentioned here that the last of Eqs. (10) represents
the linear dispersion relation for the undamped dust-acoustic mode where the effects of the

cdust grain charge fluctuation and obliqueness are included. However, one can obtain a linear

4



dispersion relation for the damped dust acoustic mode [25] by taking Fourier images of (3) - (6),
instead of using the stretched coordinates we used. It is obvious from our dispersion relation
that the effect of the charge fluctuation of the dust grain decreases the wave phase velocity of
the dust-acoustic mode. If we put u = 0 and I, = 1, this dispersion relation corresponds to that
obtained by Rao et al. [24] and by some others {34-38]. We can write the first order x- and

y-components of the momentum equation as

(1) _ vl 8ot
U‘dy - C(B%)_%?i }

DB P

These, respectively, represent the y- and z-components of the electric field drift. These equations

(11)

are also satisfied by the second order continuity equation.
Again, using (7) and (8) in (5), and eliminating uf,_lr)‘y, we obtain the next higher order z-

and y-components of the momentum equation as

@ _ 20
2
uc(ix) - jf(rgnd%)aggi )

where weg == |aqe|Bo/mgc. These equations, respectively, denote the y- and z-components of the

dust polarization drift. We can also express the second order perturbation equations for (5) and

(6) as

Ty & [ 11 1 T, 1
qg T _ad({—"( : 1(1 Te } - [‘p(l ]2 (1 )LBBI qz(i )3‘9(1) é(l Ig)adkﬁg']e [q((i )]2’
2 1
——%—8.35 = TAIOLP(Q) - 471'(]d0ﬂ,£i ) 47T7l q( ) 471'(]((1 )H‘E[) - —é ———-——z—k Te?i\ - [lp(])]?,

(13)
where @ =1 — (ne/nio)(T?/T2) and Api = (kgTi/4mnjpe?)/2.  Similarly, following the same
procedure one can obtain the next higher order continuity equation and z-component of the

mormentum equation as

g (1)
_”d_ — ’U()Td— + ndg;jw[lrudx + lyudy + 1, u ] + lza—[ndl)uéz)} =10,

(l)

14)
a“’ o & 1y ul) 2) 1 (
D — wp e + Lo Tte +z(md)—§-5-+z2(m—d)qg) e =0,

Now, using (9) — {14), one can eliminate n((f), 4y ), u((fz) and @, The elimination of these

second order variables reduces to a nonlinear equation of the form

3@ 1}5\(’0(1) §pl) B
o T e T a =0 (15)

This is known as K-dV equation with nonlinear cocflicient ¢ and dispersion coefficient b which,

in our case, are given by
L+ ( e)—’z—aﬁ j
6v1+ qae / o (1+u) !

= 3 (CoAd )[1++( 2l

() (3 (57
(16)



where 3 = (1 - neg/nig) and @ = 1 + (neo/nig) (Ti/Te)-

4. Solitary wave solution of the K-dV equation
The steady state solution of this K-dV equation is obtained by transforming the independent

variables £ and 7 to n = £ — Upr and 7 = 7, where Up is a constant velocity, and imposing the

. . . (1 2,.(1)
appropriate boundary conditions, viz., ¢ — 0, g% — ), i&%g— — 0 at 7 — xoo. Thus, one can

express the steady state solution of this K-dV equation as

Pt = (p%)sech?[(f. = Uar)/A, (17

)

where the amplitude tpf-,i and the width A are given by

SU%}L) = 3U0/aa (18)
A = \/4b/Uy.

We now normalize the amplitude (,oﬁi) by kgTi/e, i.e., e(pg)/kBTi =, A by Apg, i.e., A/Apg = 6,

velocity Up by Cg, ie., Up/Co = up and wey by wpo, i.c., wen/wpo = we. These normalizations

allow us to express the normalized amplitude and width of these solitary waves in simple form

as
_ 1ag_1 \7!
v =2 (VT +p) (11: i) } (19)
— [ 1-
6= \/iuo(lﬂt)zf"1 (1 * "JEL) ’
where qq = —Zae and Zgngg + Nep = Ny are used.

It is obvious that for any dusty plasma system 0 <o <1,0< 3 <1l,and 1 <o < 2. It can
also be estimated by available data [3-12] that for tenuous dust cloud p << 1 and for a dense
dusty plasma ;> 1 oreven i >> 1. Thus, for any possible values of «, 8, ¢ and , the amplitude
¥ is negative, i.e., ¥ < 0. This means that the dusty plasma system under consideration may
support solitary waves with negative potential but not with positive potential. It is also seen
from Eqgs. (19) that for u << 1 the dust grain charge fuctuation does not have significant effect
on formation or properties of these solitary structures but for g >> 1, this effect significantly
modifies the properties of the solitary structures. It is shown that for p >> 1, ¢ « /i and
8o pm3

It is obvious that the amplitude of these solitary waves is inversely proportional to I, (I; =
cosf, where # is the angle between the directions of the wave propagation vector k and the
external magnetic field Bp). The width of these solitary waves is a nonlinear function of [,
an w,. The adjoining figure shows how the width (§) of these solitary waves changes with the
obliqueness () and with the magnitude of the external magnetic field (w.). It is observed that
the width (§) increases with § for its lower range {i.e. from 0° to ~ 45°), but decreases for its
higher range (i.e. from ~ 45° to 90°). Though the variation of § with # has been shown for any
value of 8 in between 0° and 90°, our perturbation method (which is only valid for small but

finite amplitude limit) is not valid for large & which makes the wave amplitude large enough to

beak the validity of the reductive perturbation method used.



It is shown from Eqs. (19) that if we have neglected the effects of grain charge fluctuation,
external magnetic field, and obliqueness (i.e., we set u = 0 and [, = 1), the expressions for the
peak amplitude and width of these solitary waves corresponds to those obtained by a number
of recent published works [24,34-38].

5. Discussion

A three component magnetized dusty plasma system, consisting of Boltzmann distributed elec-
trons and ions, and charge fluctuating dust grains, has been considered and the properties of
finite amplitude dust-acoustic solitary potential, which has been found to exist in such a dusty
plasma system, have been investigated by the reductive perturbation method. The results, which
have been found in this investigation, may be pointed out as follows:

i) It has been shown that for the study of electrostatic waves, the variation of the dust grain
charge must be taken into account and that the phase velocity of the waves will be affected by
the self-consistent dust grain charge variation. It is seen that this dust grain charge variation
reduces the phase velocity of the dust-acoustic waves.

ii) We have shown that on a very slow time scale of the dust motion and with self consistent
grain charge variation, a magnetized dusty plasma system may support obliquely propagating
stable dust-acoustic solitary waves with negative potential only; the system does not support
solitary waves with positive potential.

i) It is also seen that for a tenuous dust cloud, where j << 1, the dust grain charge variation
does not have significant effect on formation or properties of these electrostatic solitary structures
but for a dense dusty plasma, where p >> 1, this effect significantly modifies the properties of
these solitary structures. It is shown that for u >> 1, as we increase u, the peak amplitude
increases whereas the width decreases. This means that the dust grain charge variation makes
solitary potential more spiky.

iv) It is obvious that the amplitude of these solitary waves is inversely proportional to I
(1, = cosf). It is observed that the width (8) increases with 8 for its lower range (i.e. from 0°
to ~ 45°), but decrecases for its higher range (i.e. from ~ 45° to 90°). It should be pointed out
thas for large angles the assumption that the waves are electrostatic is no longer a valid one,
and we should look for fulty electromagnetic structures.

v) It is seen that the magnitude of the external magnetic field has no effect on the amplitude
of the solitary potential. However, it does have an effect on the width of the solitary potential.
[t is shown that as we increase the magnitude of the magnetic field, the width of the solitary
potential decreases, i.e., the external magnetic field also makes the solitary potential more spiky.

We have analyzed properties of the electrostatic solitary wave potential in a magnetized dusty
plasma by the reductive perturbation method which is vatid for small but finite amplitude limit.
Since in many astrophysical situations there may exist extremely large amplitude solitary waves,

we propose to develop a more exact theory for the study of obliquely propagating arbitrary-
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amplitude solitary waves in such a magnetized dusty plasma system. However, our present
analysis should be useful for understanding different nonlinear features of localized electrostatic
disturbances in a number of astrophysical dusty plasma systems, such as, planetary ring systems
(viz. Saturn’s rings [3,13,21]), cometary environment (viz. Halley’s comet [14,23}}, interstellar
medium [3], etc., where charge fluctuating dust grains and Boltzmann distributed electrons and
ions are the major plasma species.

To conclude it may be added that the time evolution and stability analysis of obliquely
propagating arbitrary amplitude solitary structures, are also problems of great importance but

beyond the scope of the present work.
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Fig.1

Variation of the width (8) with the propagation angle () for u = 0.1, up = 1.0, w, = 0.05 (solid

curve), w, = 0.1 (dashed curve}, and w. = 0.2 (dotted curve).
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