éa Machine Learning, 43, 211-246, 2001
(© 2001 Kluwer Academic Publishers. Manufactured in The Netherlands.

Relative Loss Bounds for On-Line Density
Estimation with the Exponential Family
of Distributions *

KATY S. AZOURY kazoury@sfsu.edu
College of Business, San Francisco State University, San Francisco, CA 94132, USA

M. K. WARMUTH manfred@cse.ucsc.edu
Computer Science Department, University of California, Santa Cruz, Santa Cruz, CA 95064, USA

Editor: Yoram Singer

Received October 25, 1999; Revised October 25, 1999; Accepted March 6, 2000

Abstract. We consider on-line density estimation with a parameterized density from the exponential family.
The on-line algorithm receives one example at a time and maintains a parameter that is essentially an average of
the past examples. After receiving an example the algorithm incurs a loss, which is the negative log-likelihood of
the example with respect to the current parameter of the algorithm. An off-line algorithm can choose the best
parameter based on all the examples. We prove bounds on the additional total loss of the on-line algorithm over the
total loss of the best off-line parameter. These relative loss bounds hold for an arbitrary sequence of examples. The
goal is to design algorithms with the best possible relative loss bounds. We use a Bregman divergence to derive
and analyze each algorithm. These divergences are relative entropies between two exponential distributions. We
also use our methods to prove relative loss bounds for linear regression.
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1. Introduction

A main focus of statistical decision theory consists of the following: After receiving statis-
tical information in the form of sampling data, the goal is to make decisions that minimize a
loss or an expected loss with respect to an underlying distribution that is assumed to model
the data. This distribution is often defined in terms of certain parameters. The statistical
decisions depend on the specific values chosen for the parameters. Thus, for statistical de-
cision theory, there are three important elements: parameters and the values they can take,
decisions, and loss functions that evaluate the decisions.

In Bayesian statistical decision theory, a prior distribution on the parameters of the data
distribution is an additional important element of information that is needed to assess
decision performance. As a simple case, suppose we are given a saniptat points

*An extended abstract appeared in B89 (Azoury & Warmuth, 1999).
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{X1, X2, ..., X7} (also referred to ag examples), and assume that the examples were
independently generated by a Gaussian with an unknown mean and a known variance. One
wants to find a parameter setting (here the mean) that minimizes the expected loss on a new
example that is drawn from the same data distribution. In the Bayesian framework, a prior
distribution on the mean would also enter into the decision making process.

In the context of learning theory, this setup, Bayesian or not, would be described as a
batch or off-line learning model, since all the examples are given to the learner ahead of
time and the decisions are made based on the information from the entire data set.

In this paper, we focus on on-line learning models. As with off-line learning, we have
the same fundamental elements: parameters, decisions, and loss functions. The difference,
however, is that the examples are given to the learner one at a time. Thus, on-line learning
is naturally partitioned into trials, where in each trial one example is processed. A trial
proceeds as follows. It begins with a current parameter setting (hypothesis). Then the next
example is presented and the learner or the on-line algorithm incurs a loss. The loss is a
function of this most recent example and the current parameter setting. Finally, the algorithm
updates its parameter setting and a new trial begins.

In the context of on-line learning, the decisions are the parameter updates of the learner.
The goal is to design on-line learning algorithms with good bounds on their total loss.
Clearly, there cannot be meaningful bounds on the total loss of an on-line algorithm that
stand alone and also hold for an arbitrary sequence of examples. However, in the on-line
learning literature, a certain type of “relative” loss bound is desirable and has been used
successfully. The term “relative” means that there is a comparison to the best parameter
chosen off-line after seeing the whole batcfi@xamples. The parameter space is called the
comparison class. Threlative loss boundguantify the additional total loss of the on-line
algorithm over the total loss of the best off-line parameter (comparator). Since the on-line
learner does not see the sequence of examples in advance, the additional loss (sometimes
called regret) is the price of hiding the future examples from the learner.

In this paper we design and motivate on-line algorithms and their parameter updates
so that they utilize the available information in the best possible manner and lead to good
relative loss bounds. We focus on two types of learning problems: on-line density estimation
and on-line regression.

For density estimation, the on-line algorithm receives a sequericemtbeled examples
or data vectorgxy, X, ..., Xt}. At the start of trialt = 1,2, 3,..., T, the learner has a
current parameter settirgy which is used to predict the next exampide After making
a prediction, the algorithm receives the examyl@nd incurs a los& (6, X;). Then the
algorithm updates its parameter setting#q;. In contrast, on-line regression problems
receive a labeled sequence of examgles yi), (X2, ¥2), ..., X1, Y1), Where thex; are
called instances and thg are the labels. In triat, the learner starts with the current
parametef; and receives the instange The learner then makes a predicti@nfor the
label y;. This prediction depends dh andx;. A lossL (6, (X, ¥;)) is incurred and the
parameter is updated &, 1. For both types of problems, density estimation and regression,
we use the abbreviated notatibp(6;) to denote the loss incurred in trial The subscript
t indicates the dependence on the example presented it {fiaé total loss of the on-line
algorithm isZtT:1 L{(8;) and the total loss of the best off-line (batch) paraméigris
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Zthl L{(#p) plus a charge for the “size” dfg. Relative loss bounds give upper bounds on
the difference between the two total losses.

We prove relative loss bounds for density estimation when the underlying model is a
member of the exponential family of distributions and also for on-line linear regression. We
consider two algorithms. The first algorithm is called the Incremental Off-line Algorithm.

It predicts (i.e., chooses its parameter) as the best off-line algorithm would have predicted
based on the examples seen so far. The second algorithm is called the Forward Algorithm.
This algorithm is called “forward” because it uses a guess of a future example and the
corresponding future loss when forming its prediction. Itis motivated by Vovk's work (1997)
on linear regression.

Our relative loss bounds for both algorithms grow logarithmically with the number of tri-
alsT. The motivation for the parameter updates has a Bayesian probabilistic interpretation.
However, the relative loss bounds we prove hold for an arbitrary (or worst-case) sequence
of examples. A key element in the design and analysis of the on-line learning algorithms
is a generalized notion of distance called the Bregman divergence. This divergence can be
interpreted as a relative entropy between two exponential distributions.

Outline

The rest of this paper is organized as follows. In Section 2, we present a brief overview
of previous work. In Section 3, we define Bregman divergences and give the relevant
background for the exponential family of distributions. We show that relative entropies
between two exponential distributions (Amari, 1985) are special Bregman divergences. We
conclude this section by listing some basic properties of Bregman divergences.

In Section 4, we introduce the Incremental Off-line Algorithm in a general setting and
then apply this algorithm to the problem of density estimation with the exponential family
and to linear regression. We give a number of relative loss bounds for specific examples.

In Section 5, we define and motivate the Forward Algorithm, which can be seen as a
generalization of the Incremental Off-line Algorithm. Again, we apply this algorithm to
density estimation with the exponential family. For the case of linear regression, we reprove
the relative loss bounds obtained by Vovk (1997). Our proofs are more concise. An alternate
simple proof for the “forward” linear regression algorithm is given in Forster (1999).

In Section 6, we briefly discuss an alternate method developed by Vovk for proving relative
loss bounds that uses integration over a generalized posterior and discuss the advantages
of our methods. Finally, we conclude (Section 7) with a discussion of a number of open
problems.

2. Overview of previous work

The method of proving bounds on the additional total loss of an on-line algorithm over
the total loss of the the best parameter in a comparison class essentially goes back to the
work of the Blackwell (1956) and Hannnan (1957). They investigated such bounds in the
context of game theory where the comparison class consists of all mixture strategies. Later
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Cover (1991) proved such bounds in the context of mathematical finance. He used the
comparison class of all constant rebalanced portfolios.

The research of this paper is rooted in the study of relative loss bounds for on-line learn-
ing algorithms of the computational learning theory community. Even though these bounds
may underestimate the performance on natural data, they have been used as a powerful
yardstick for analyzing and comparing on-line algorithms. In the computational learning
theory community this line of research was initiated by Littlestone with the discovery of
the Winnow algorithm (Littlestone, 1988). Littlestone also pioneered a style of amortized
analysis for proving relative loss bounds which use certain divergence functions as poten-
tial functions. Winnow is designed for disjunctions as the comparison class and the total
number of mistakes is used as the loss. The next wave of on-line algorithms were de-
signed for a finite set of experts as a comparison class and a wide range of loss functions
(Littlestone & Warmuth, 1994; Vovk, 1990; Cesa-Bianchi et al., 1997; Haussler, Kivinen &
Warmuth, 1998). After that, algorithms were developed for the on-line linear least squares
regression, i.e., when the comparison class consists of linear neurons (linear combination
of experts) (Littlestone, Long & Warmuth, 1995; Cesa-Bianchi, Long & Warmuth, 1996;
Kivinen & Warmuth, 1997). This work has been generalized to the case where the com-
parison class is the set of sigmoided linear neurons (Helmbold, Kivinen & Warmuth, 1995;
Kivinen & Warmuth, 1998). Also starting with Littlestone’s work, relative loss bounds for
the comparison class of linear threshold functions have been investigated (Littlestone, 1988;
Grove, Littlestone & Schuurmans, 1997).

All the on-line algorithms cited in the previous paragraph use fixed learning rates. In the
simple settings the relative loss bounds do not grow with the number of trials. However,
already for linear regression with the square loss, the relative loss bounds for algorithms with
fixed learning rates grow with the square root of the loss of the best linear predictor (Cesa-
Bianchi, Long & Warmuth, 1996; Kivinen & Warmuth, 1997) and the best loss is often
linear in the number of trial$ .

In contrast, our algorithms use a variable learning rate and our relative loss bounds grow
logarithmically withT. Such bounds have been proven for a generalization of Bayes’ Algo-
rithm (Freund, 1996; Vovk, 1997; Xie & Barron, 1997; Yamanishi, 1998) which maintains
a posterior on all parameters of the comparison class. We outline this method for proving
relative loss bounds in Section 6. Bounds that grow logarithmically Witlave also been
proven previously for on-line linear regression (Foster, 1991; Vovk, 1997). An important
insight we gained from this research is tiiatiog T) relative loss bounds seem to require
the use of variable learning rates. In this paper, the learning rate applied irigr@a{1/t).

The use ofO(1/t) learning rates for the exponential family was also suggested by Gor-
don (1999) as a possible strategy for leading to better bounds. However, no specific examples
were worked out. In the case of linear regressionQlig/t) learning rates become inverses

of the covariance matrix of the past examples.

General frameworks of on-line learning algorithms were developed in Grove, Littlestone
and Schuurmans, (1997), Kivinen and Warmuth (1997; 1998), and Gordon (1999). We
follow the philosophy of Kivinen and Warmuth (1997) of starting with a divergence func-
tion. From the divergence function we derive the on-line update and then use the same di-
vergence as a potential in the amortized analysis. A similar method was developed in Grove,
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Littlestone and Schuurmans (1997) for the case when the comparison class consists of linear
threshold functions. They start with an update and construct the appropriate divergence that
is used in the analysis.

Recently we have learned that the divergences used in on-line learning have been em-
ployed extensively in convex optimization and are called Bregman-distances (Bregman,
1967; Censor & Lent, 1981; Csiszar, 1991; Jones & Byrne, 1990). Bregman’s method is to
pick from a set of allowable models the one of minimal distance to the current model. In other
words the current hypothesis is projected onto a convex set of allowable models. Some mild
additional assumptions assure the uniqueness of the projections. With these assumptions a
generalized Pythagorean Theorem can be proven for Bregman divergences (Bregman, 1967;
Censor & Lent, 1981; Csiszar, 1991; Jones & Byrne, 1990; Herbster & Warmuth, 1998).
The latter theorem often contradicts the triangular inequality and this is the reason why we
use the term “divergence” instead of “distance”.

Projections with respect to Bregman divergences have recently been applied in Herbster
and Warmuth (1998) for the case when the off-line comparator is allowed to shift over time.
The projections are used to keep the parameters of the algorithm in reasonable regions. This
aids the recovery process when the underlying model shifts.

3. Bregman divergences and the exponential family

In this paper, we use a notion of divergence due to Bregman (1967) for deriving and
analyzing on-line learning algorithms. These divergences can be interpreted as relative en-
tropies between distributions from an exponential family. We begin this section by defining
Bregman divergences and then review some important features of the exponential family of
distributions that are relevant to this paper. We conclude this section with some properties
of the divergences.

For an arbitrary real-valued convex and differentiable functi@) on the parameter
space® C RY, the Bregman divergence between two parametersdé in © is defined
as

Ac(8,0) :=G(O) — G() — (6 — 0) - VoG(6). (3.1)

HereVy denotes the gradient with respecétdr hroughout the paper, all vectors are column
vectors and we use™to denote the dot product between vectors.

Note that the Bregman divergenm;(é 0) equalsG(#) minus the first two terms of
the Taylor expansion dB(6) aroundd. In other words A (8, 0) is the tail of the Taylor
expansion 0fG(6) beyond the linear term. Sindgg(@) is convex Ag(6,0) > 0. More
properties will be listed in Section 3.4.

For example, let the parameter spacesbe- RY and letG(9) = %0 - 8. In this case the
Bregman divergence becomes the squared Euclidean distance, i.e.,

Ac(0,0)=136-6-20-0-(6-6)-0=1]6-0]5
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Also if ® = R andG(9) = In(1 + &), then

Ad@%:&—&—@—%Ji<
1+¢

3.1. The exponential family

The features of the exponential family that are used throughout this paper include a measure
of divergence between two members of the family and an intrinsic duality relationship. See
Barndorff-Nielsen (1978) and Amari (1985) for a more comprehensive treatment of the
exponential family.

A multivariate parametric familyFg of distributions is said to be an exponential family
when its members have a density function of the form

Ps(x|0) = exp(@ - x — G(8)) Py(x), 3.2)

where@ andx are vectors irRY, andPy(x) represents any factor of the density which does
not depend o).

The d-dimensional parameté is usually called thenatural (or canonica) parameter.
Many common parametric distributions are members of this family, including the Gaussian.
The functionG(0) is a nhormalization factor defined by

G@@) =1In /exp(e - X) Po(X) dx.

The space® < RY, for which the integral above is finite, is called thatural parameter
space. The exponential family is calleebular if ® is an open subset d®?. It is well
known (Barndorff-Nielsen, 1978; Amari, 1985) th@atis a convex set, and th&(0) is a
strictly convex function or®. The functionG(0) is called thecumulant functiopand it
plays a fundamental role in characterizing members of this family of distributions.

We useg(0) to denote the gradiefy G(0) andng(O) to denote the Hessian &f(0).
Let

rc(0;X) = InPg(x]80)

represent the log-likelihood which is viewed as a functiofl.dfinder some standard regul-
arity conditions, log-likelihood functions satisfy well-known moment identities (McCullagh
& Nelder, 1989). Applying these identities to the exponential family reveals the special role
played by the cumulant functicd@(6).

Let Eg(.) be the expectation with respect to the distributig(x | 8). The first moment
identity of log-likelihood functions is

Eo (Vo (8; X)) = 0. (3.3)
The gradient of the log-likelihood in (3.2) is linearn

Vorc(0;X) =X — VoG(0). (3.4)
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Applying (3.3), we get
Eo(X) = VoG(0) = g(0).

This shows that the mean gfis equal to the gradient @&(8). We letg(8)= u, and call
p the expectation parameter.

Since the cumulant functio@ is strictly convex, the mag(8) = u has an inverse. We
denote the image d® under the mam(.) by M and the inverse map froml to ® by
g l(n)= 6. The setM is called the expectation space, which may not necessarily be a
convex set.

The second moment identity for log-likelihood functions is

Eo((Vorc(0; X)) (Vore(6; X)) = —EB(VS)»G(G’; X)), (3.5)
where’ denotes the transpose. For the exponential family we have
Eo((Vorc(0: X)) (Varc(8; X)) = Eg((X — p) (X — p)")
and— Vaig(0; X) = V5G(0).

Thus, by the second moment identity, the variance-covariance matiix M@ for x is the
Hessian of the cumulant functidd(8) (also called thd-isher Information Matri). Since
G(0) is strictly convex, this Hessian is symmetric positive definite.

3.2. Duality between the natural parameters and the expectation parameters

Sometimes, it is more convenient to parameterize a distribution in the exponential family
by using its expectation paramejeinstead of its natural parametrThis pair of param-
eterizations have a dual relationship. We provide the aspects of the duality that are relevant
to this paper. First, define a second function on the réng# g as follows:

F(p) =0 p—G(@0) (3.6)

Let f(u) := V., F(u) denote the gradient df (u).
Note that by taking the gradient & (w) in (3.6) with respect tq: and treating as a
function of u, we get

VuF (1) = 0+ (V,0)p — (V.0 VeG(6) = 6, (3.7)

whereV 0 is the Jacobian o with respect tqu.
Thus, f (i) is the inverse mag—(u) and the two parameterizatiosindu are related
by the following transformations

g@) =p and f(u) =20. (3.8)

Sinceg(0) has a positive definite Jacobian for @l ®, g~1(u) has a positive definite
Jacobian for ally € M. Thus, the second functiolr () is strictly convex as well. This
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function is called thedual of G(6) (Amari, 1985). Furthermorek- (i) is the negative
entropy ofPg (X | 8) with respect to the reference meas&gx), i.e.,

(3.9)

F(u) = —Eg(—ln w)

Po(X)

It follows from (3.8) that the Hessian &f (u) is the inverse of the Fisher Information
Matrix, i.e., VAF(u) = (V5G(8))~*. Now consider the functioV (u) = VZG(f (u)),
which is the Fisher Information Matrix expressed in terms of the expectation parameter.
This function is defined on the expectation spilcdakes values in the space of symmetric
d x d matrices, and is called tivariance functionThe variance function plays animportant
role in characterizing members in the exponential family (Morris, 1982;eBeti-Pea &
Smith, 1995). The matri¥ (1) is positive definite for allk € M, andV () = (Vﬁ F(u)™L
Thus, in the context of exponential families the functiGhandG are not arbitrary convex
functions but must have positive definite Hessians.

3.3. Divergence between two exponential distributions

Consider two distribution®s (x | @) with an old parameter settir@, and Ps(x | 8) with

a new parameter settiry Following Amari (1985) one may see the exponential family

Fo as a manifold. The parameteé#sand® represent two points on this manifold. Several
measures of distance (divergence) between these two points have been proposed in the
literature. Amari introduced divergences (Amari, 1985), and other related “distances”
were introduced by Csiszar (1991) knownfagivergences (we use the lettebelow). Also
Chernoff distances and Reny#sanformation are related (Amari, 1985). These divergences

all have the following general form:

Ez h (LG(X | 0~)>,
Pec(x|0)

whereh(-) is some continuous convex function.

Our main choice foh is h(z) = — In z, which gives the relative entropy
Ps (x| 6) 5
5 In————= = Ag(0,0).
M pexiey ~ 2@

Another interesting choice 1%(z) = zIn z, which gives the “opposite” relative entropy:

In PG(X|€)

= Ag(0, 0).
P8 e

Eo

These two entropies are, respectively, calledand+1 divergences by Amari (1985).
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3.4. Properties of divergences

In this section we give some simple properties of the divergences. For these properties we do
not need thaG(0) has a positive definite Hessian. Hence the properties hold for the more
general definition of Bregman divergence (3.1) where we ali@) to be an arbitrary
real-valued differentiable convex functi@(#) on the parameter spaé.

Throughout the paper we ugeto represenVyG(6).

. AG(é:?, 0) is convex in its first argument sin@(é) is convex. 5

. Ag(8, 8) > 0and ifG(0) is strictly convex then equality holds if = 6.

3. The gradient of the divergence with respect to the first argument has the following simple
form

N -

VaAc(0.0) = fi — p.

. Divergences are usually not symmetric, i®eg (0, ) # Ag (6, 6).
. The divergence is a linear operator, i.e.,

(G20 3

Ac+H(8,0) = Ac(8,0) + Au (8, 0)
andA.c(8, 0) = aAg(0,0), fora> 0.

6. The divergence is not affected by adding a linear ter@):

if G@) —H@®) =af +b, foracR and beRY,
thenAg(8, 0) = An (6, 0).

7. For anyf,, 6, andfs,

Ag(01,02) + Ag(02, 03) = Ag(01, 03) + (01— 02) - (13 — o).

The dot product can usually have any sign. When it is negative then the above contradicts
the triangular inequality. The case when the dot product is zero is exploited in the proof
of the generalization of the Pythagorean Theorem to Bregman divergences (See for
example Censor & Lent, 1981; Herbster, 1998).

8. If G(0) is strictly convex, then the definition of the dual convex functfequ) and
the parameter transformations still hold (3.6 —3.8) and Bregman divergences have the
following duality property:

Ac(0.0) =G(O) + F(p) — 6 - = Ar(p. o).

The first six properties are immediate. Property 7 is proven in the appendix. This property
was first used in Warmuth and Jagota (1998) for proving relative loss bounds. The last
property follows from the definition of the dual functiéi(u) (also called convex conjugate
(Rockafellar, 1970). Note that the order of the argumenta#(8, 0) and Ag (u, fv) is
switched. In this paper, we only need Property 8 for the case W@té@his strictly convex.
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However, for any real-valued differentiable convex functi®®) one can define the dual
function asF (u) =0 - u — G(0), whered is any parameter i® such thatvyG(0) =
e (Rockafellar, 1970). With this definition Property 8 still holds.

We note that Gordon (1999) gives an elegant generalization of Bregman divergences to
the case when the convex functi@(@) is not necessarily differentiable. For the sake of
simplicity we restrict ourselves to the differentiable case in this paper.

Finally, whenG(0) is differentiable, the Bregman divergence can also be written as a
path integral:

_ 0
Ac(8.8) = fg (g(r) — g(8)) - dr.

This integral version of the divergence has been used to define a notion of a convex loss
“matching” the increasing transfer functigi®) of an artificial neuron (Auer, Herbster &
Warmuth, 1995; Helmbold, Kivinen & Warmuth, 1995; Kivinen & Warmuth, 1998).

4. The incremental off-line algorithm

In this section we give our most basic algorithm and show how to prove relative loss bounds
in a general setting. Learning proceeds intrtals 1, ..., T. In each triat an example is
processed. For density estimation, the examples are data vecfoyen some domair’.
In the regression setting, thieth example consists of an instangefrom someinstance
domainX’ and a label; from someabel domainy.

The setup for a learning problem is defined by three parts. A parameter®pacR®,
a real-valued loss function and a divergence function that is a measure of “distance” to
an initial parameter setting. The parameter sp@ceepresents the models to which the
algorithms are compared. The loss of parameter véotorthet —th example is denoted by
L:(8) andL {(0) is shorthand foEfq=1 L4(8). Usually losses are non-negative. The third
component of the setup is an initial parmefigrand a Bregman divergenag,, (6, 8o) to
the initial parameter. The initial parametkymay be interpreted as a summary of any prior
learning and the divergency, (0, 6) represents a measure of “distance” to the initial
parameter.

The off-line (or batch) algorithm sees dllexamples at once and it sets its parameter to

6g = argmin, Ur_1(0),
whereUt,1(0) = Ay, (0, 6o) + L1.7(0).

AssumptiontsThe lossed ;(0) (for 1 <t < T) andUg(@) are differentiable and con-
vex functions from the parameter spa€eto the reals. Furthermore, we assume that
argminyUy41(0) always has a solution i®.

Note that this off-line algorithm trades the total loss on the examples against closeness to
the original parameter. Alternatively the divergerntg, (8, 6p) may be interpreted as the
“size” of parametef. With this interpretation, the off-line algorithm finds a parameter that
minimizes the sum of size and total loss.
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The on-line algorithm sees one example at a time according to the following protocol:

On-line protocol of the Incremental Off-line Algorithm

Initial hypothesis i9.
Setf; = 0.
Fort =1toT do

Predict withé.

Gett-th example.

Incur lossL(6y).

Update hypothesig; to 6; 1.

The goal of the on-line algorithm is to incur a loss that is never too much larger than the loss
of the off-line algorithm which sees all examples at once. At the end oftttlz on-line
algorithm knows the first examples and expects to see the next example. One reasonable
and desirable setup for the parameter update at this point is to make the on-line algorithm
do exactly what an off-line algorithm would have done after seemgamples. We use the
namelncremental Off-lindor the on-line algorithm with this property.

The Incremental Off-line Algorithm
611 = argmiry Ui1(0), forO<t < T,
whereU1(8) = Ay, (6, 8o) + L1.4(0). 4.1)

Additional assumptiongiere we assume that the argplo1(0) (for 1 <t < T) always
have a solution ir®.

If there is more than one solution f@f.1 = argmin, U,1(0), then this is interpreted as
011 € argmin, Ui11(0). In the learning problems that we use as examples in this paper,
U;11(0) is typically strictly convex and so there is only one solution. Note that the final
parameteidr ., of the Incremental Off-line Algorithm coincides with the parameder
chosen by the batch algorithm.

Whent = 0, then by (4.1P, = argmin, Ay, (8, 8p) = 8o, which is consistent with the
protocol given above. While not necessary here, we begin the indexifgaift = 0 to
parallel the indexing of a second on-line algorithm given in the next section. This second
algorithm is called the Forward Algorithm because it uses a guess of the next loss when
updating the parameter.

The setup for the update in (4.1) does not seem truly on-line since it needs all the previous
t examples. A truly on-line, yet equivalent setup, is given by the following lemma:

Lemma 4.1. For the Incremental Off-line Algorithm and<t < T,
01 = argminy (Ay, (0, 61) + L1(0)).
Proof: Note that sincé&/U;(6;)=0 andU;_1(0)=U;(0)+L(0),

Ay, (0, 0y) + Li(8) = U(8) — U (6y) — (0 — 6y) - VU (6y) + L (0)
= Up1(0) — U (8y).
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Thus, sincédJ;(6,) is a constant, the argmin fé, ; used in the definition (4.1) is the same
as the argmin of the lemma. O

We are now ready to show the key lemma for the Incremental Off-line Algorithm. In this
lemma we compare the total loss of the on-line algorithm to the total loss of any comparator
0, where the total loss of the comparator includes the divergenceAgri#, 6o).

Lemma 4.2. For the Incremental Off-line Algorithpany sequence of T examplesd
anyd € O,

T T
D Lu(6) — (Auy(8, 80) + L1.7(8) = Y Ay, (01, Bt41) — Ay, (6, O741).

t=1 t=1

Proof: ForO<t <T,we expand the divergenag,
This gives us

(0, 041) and useVUi;1(60t11) =0.

t+1

Au, (0, 0r41) = U1(0) — Upp1(0141). (4.2)
SinceUi;1(0) = Uy(0) + L(0),forl <t < T, we obtain

Lt(0) = Au,,,(0, 0t11) + Ut;1(0r1) — U (0). (4.3)
For the special case 6f= 6;, we get:

Li(6y) = Ay, (0, 0t11) + U 1(0r1) — U (0). (4.4)

Subtracting (4.3) from (4.4) and applyikg(6) — U:(8;) = Ay, (0, 6:) (a version of (4.2))
gives

Li(6y) — Li(0) = Ay, (6, Ory1) — Ay, (0, Orp1) + Ay, (0, 6y).

By summing the above over all trials we obtain:

T

.
D L0 = Li1(0) =) Ay, (61, 0t41) — Ay, (6, O141) + Ay, (6, 01).
t=1 t=1

The lemma now follows from the equalityy, (8, 61) = Ay, (6, 8). This equality follows
from Property 6, becausk = 01, and becausd1(8) — Ug(0) = Ay, (0, 80) — Up(0) is
linear in@. O

To obtain relative loss bounds we choose the best off-line parafg s the comparator
6 and bound the right-hand-side of the equation of the lemma. Note that in case of the
Incremental Off-line Algorithmf+.; = 6g, and thus the last divergence on the right-
hand-side is zero. The divergensg, , (6, 6,1) represents the cost of the updatépto
0:.1 incurred by the on-line algorithm. Relative loss bounds are bounds on the total cost
S 1 Au,,, (6, 8i,1) of the on-line updates.
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4.1. Incremental off-line algorithm for the exponential family

We now apply the Incremental Off-line Algorithm to the problem of density estimation
for the exponential family of distributions. We first give a general treatment and then
prove relative loss bounds for specific members of the family in the subsections that
follow.

We make the most obvious choice for a loss function, namely, the negative log-likelihood.
So using the general form of the log-likelihood (3.2), the loss of parar@eteithe example
Xt IS

Li(@) = —InPg (Xt |0) = G(@) — 0 - X — In Py(Xy).

For the purpose of the relative loss bounds (see Lemma 4.2) changing the loss by a constant
that does not depend @éris inconsequential. Thus, the form of the reference med3(re
is immaterial.

As before, we allow the algorithm to have an initial parameter valu# @&nd choose
Up(0) as a multiple of the cumulant function, i.&lg(8) = nglG(B), wherena1 > 0. Thus,
in the context of density estimation with the exponential family, the Incremental Off-line
Algorithm (4.1) becomes

61 = argminy Ugs1(0),  whereU,1(0) = 15 Ac(8, 80) + L1.¢(0). (4.5)

Throughout the paper we use the notation to denote trade-off parameters. This has two
reasons. First, the inverse of the trade-off parameters will become the learning rates of the
algorithms and learning rates are commonly denotegl Byso, we use;~ instead of %7,
because in linear regression thearameters are generalized to matrices.

The setup (4.5) can be interpreted as finding a maximum a-posteriori (MAP) parameter
where the divergence term corresponds to the conjugate priorgérmdo is a hyper param-
eter. Whenyg1 = 0, then the divergence term disappears and we have maximum likelihood
estimation. Alternatively one can think f an initial parameter estimate based on some
hypothetical examples seen before the first real examp@dn, ! as the number of those
examples. Also one caninterpretthe paramegélas atrade-off parameter between staying
close to the initial paramet@g and minimizing the loss on thheexamples seen by the end
of trial t.

Yet another interpretation of (4.5) follows from rewritikly, 1(8) as

t
(ot +1)G(@O) — 6 <'701H0 + ZXQ> + const
a=1

Thus,U¢,1(0) corresponds to the negative log-likelihood of an exponential density with
the cumulant functiottyg* + t)G(6) and the example iy "o + g1 Xqg-

We now develop the alternate on-line motivation given in Lemma 4.1nLkt= n,*
+1t — 1. Sincel;(0) — nf_llG(B) is linear in@, it follows from the properties of the diver-
gences that\y, (6, 6;) = AmillG(O, 0 = nl‘flAG(O, 0:). Thus, the on-line motivation of
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Lemma 4.1 becomes
011 = argminy (n, 5 Ac (6, ) + L (0)). (4.6)

Now the divergence measures the distance to the last parameter and the trade-off parameter
i —1
IS 07

The updated paramet@y,; can be obtained by minimizirid;,1(0) (as defined in (4.5))
which is a strictly convex function if. The gradient of this function in terms of the
expectation parameters is

t
ot (1 — o) + (1 — Xq)-
o=1

Setting the above to zero, fordt < T, gives the update of the expectation parameter of
the Incremental Off-line Algorithm:

t

_ _ -1

1 =Mt (770 Yo + qu>’ wheren, = (ng* +1) .
q=1

4.7

Forl <t < T, we can also expregs, ; as a convex combination gf, and the last
instancex;:

Hiy1 = Utﬁf_llut + NeXt. (4.8)

Note thatmnt‘fl + nt = 1. Alternate recursive forms of the update, that are used later on,
are (forl<t <T):

Ppr = b — Meoa(fhepg — %), (4.9)
Hepr = oy — (g — Xe). (4.10)

Thus, the on-line update may be seen as gradient descent with different learning rates.
The update (4.9) uses the gradient of the logs,at, while (4.10) uses the gradient of the
loss evaluated gi.

In the special case Whengl = 0 (maximum likelihood), then (4.9) is not valid for= 1
sincen; = co. Now p, = X4, Which is consistent with updates (4.8) and (4.10).

The relative loss bounds are proven by using Lemma 4.2. Thus, for density estimation
this equality simplifies to:

.
> LB — (ng*Ac(6, 60) + L1.7(9))

=1
.
= Z N A0y, Bii1) — N7 A (6, O141). (4.11)
t=1

The following lemma gives a concise expression for the minimurd;i (0) (see (4.5))
in terms of the dual of the cumulant function. This lemma and the following discussion is
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interesting in its own right. Although it is not essential for the main development of this
paper, we will use itin the Bernoulli example discussed later. By combining (4.11) with this
lemma one can also get an expression for the tota@ég L¢(8;) of the on-line algorithm
(Lemma 3.1 of Azoury and Warmuth (1999)).

Lemma 4.3.

t

min (115 A6 (6, 60) + L1.1(8)) = 15" F (o) — n *F(pas) — 3 I Po(xy).
t=1

Proof: We rewrite the right-hand-side of the equality of the lemma using the definition
of the dual functiorF (ut) (3.6) and the expression (4.7) fog1:

t t
Mo (8o - p1o — G(60)) — Or1 - (noluo + qu> + 1 "G (B111) — Y In Po(xg).
g=1 g=1

We rewrite the above using ! = ngl + t and the definitions of the loss and divergence:

16 1 (G(Br11) — G(00) — (Br41 — 00) - o)
t
+ > (G(Ot11) — 011 - Xg — In Po(Xq))

g=1
=15 Ac(Bt11, 80) + L1t (B 11).

The above is equal t3¢;1(0¢41).- O

Whenr;gl = 0 (the case of maximum likelihood), the above can be rewritten as:

) 1 Po(Xq10)\ _ Pe(X|0t41)
If;f (? Z —In qu) = —F(p1) = E9t+1<_ In W)v

=1

1 Ps(Xq|0)
wheref; 1 = argminy | — —In——=.
11 = arg nq(t q; o)

Thus, essentially the infimum of the average loss on the data equals the expected loss at
the parameter that minimizes the average loss, i.e., the maximum likelihood parameter. The
above relationship was used in Gruenwald (1998).

In the remaining subsections we discuss specific examples and give their relative loss
bounds.

4.1.1. Density estimation with a GaussianHere we derive relative loss bounds for the
Gaussian density estimation problem. Consider a Gaussian densitiRbwéth a known
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and fixed variance-covariance matpix
I —1 1 /5 —1 1 /5 —1
P(x|0,%) ~exp| XX 0—592 0+§x2 X ).

Without loss of generality, we will develop the bounds for the special case \Ehen
the identity matrix. Similar bounds immediately follow for the general case of fixed but
arbitrary variance-covariance matrix by a linear transformation argument.

The Gaussian density with the identity matrix as the variance-covariance matrix is

1 1
P(x|6) ~ exp<x /- 502 + EXZ)'

(Here,x? is shorthand fox - x.) This density is a member of the exponential family with
natural parameteft:

Cumulant functionG(9) = 36°.

Parameter transformationg(@) = @ = p and f (u) = p = 0 (identity functions).
Dual convex functionF () = %uz_

Loss:Li(0) = X, - @ — 36% + $x2 + const

Note that the constant in the loss is immaterial for the bounds and therefore, we set it to
ZEero.

For the sake of simplicity, sé% = 0 and assum@& > 2. Recall that for the Incremental
Off-line Update #; = 8p andfg = 6+1,1. By (4.11) with@ = 03, the difference between
the total loss of the Incremental Off-line Algorithm and the off-line algorithm is

T T
1
L(@;) — UT.1(0p) = 120y — 0;.1)>. 4.12
; t(6v) T+1(0B) ;m 2( t t+1) ( )

We use the on-line updates (e.g. (4.9), (4.10)) to rewrite the divergences on the right-hand-
side:

20710 — 6i11)?

@20 (6 — Ory1) - (B — Xy)

= (0 — 011) - (=041 — Xp) + (0r — Or 1) - (Or + O41)

4.9
@ M-1(Btr1 — %) - (=41 — X0) + OF — 9t2+1

= n_1(x2 — 07,) + 07 — 07, ,. (4.13)

We want to aIIowngl = 0. In this case, update (4.9) cannot be applied ferl. However,
by update (4.8), we have that for any™ > 0,0, = nix1. Thus,3n; 101 — 02)? = 2112,
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for anyny 1> 0. Now (4.12) can rewritten as follows:

.
> Li(6y) — Ur41(68)

=1
1 11
= 511 (61—62)° +Zm (6 — 0111)°
=2
@1 13) L 1 2 1,
Z Me_1X? — Z Eﬂt—19t+1 + 592 9-|-+1 (4.14)
=2 =2

It is easy to find two exampleg andx, for which the difference (4.14) depends on the
order in which the two examples are presented. We now develop an upper bound that is
permutation invarianti.e., it does not depend on order in which the examples are presented.
We drop the negative terms from (4.14), @se= n1x1, n1 < 1 and assumg? < X2

T T
1
Le(0;) — UT.1(0 =x2 2 _
; t(0)) = Ur11(0s) = 5 (771+771+Znt 1)

t=2

1 T
EXZ 3+ Z N-1 |-
=3

A

IA

Since

not+T—1
Z’?tl—zl/ T4+t-1) < /11 (1/x) dx
o+

o

= 'n((no +T=1)/(ng" +1)),
we obtain the following relative loss bound:

Theorem 4.4. For Gaussian density estimation with the Incremental Off-line Algorithm
andfy =0, ;' > 0,

1 1, T-2
ZLt(et)—mm(Znola —ZLt(G)) =3 <3+In (1+ ))

where X= max"_, x?.

Note that in the special case whept = 0, then the off-line algorithm chooses a maximum
likelihood parameter and the above bound simplifie%)lG(S +In(T = 1)).

4.1.2. Density estimation with a GammaHere we give the relative loss bounds for the
Gamma distribution. The Gamma density with shape pararaedad inverse scale param-
eterg is

e—xﬂxa—lﬁa

P(X|a,ﬂ)=w, fOfX,Ol,ﬂ>O.
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This is a member of the exponential family with natural parameéter —«/8. So the
density above in terms &f can be written as

aya—1
P(X |6, ) = g0e+n=on X
’ (@)

We assume is known and fixed. The parametescales the loss and the divergences. The
inverse ofx is called the dispersion parameter. So for the sake of simplicity wedjogt
as we ignored the fixed variance in the case of Gaussian density estimation.

Cumulant functionG(#) = —In(—6).

Parameter transformationg(®) = —1/6 = pand f (u) = —1/u = 6.
Dual convex functionF (u) = -1 — In u.

Loss:L{(0) = %6 + In(—0) + const

We bound the divergence betwegrand6, 1, which leads to a relative loss bound for the
Incremental Off-line Algorithm (see (4.11)):

e P AG (O, Or1) = 1 A (leras )

- n;l(ln o P 1). (4.15)
M1 Mt

Using the update (4.10) and the notatipr= x;/u; > O:

_ _ 22 ne (e — Xe)
e AR (g1, ) = 1 l('”( > - )
e — ne(uy — %) Mt

1—r
:Thlln<1+ %)‘I—rt—l
e R

—1 1- It
W T
N1 + It
(1—rp)?

=— <na(l1- ro?
N1 + It

IA

+rt—1

If X¢ < ute, then(d —ry)2 < 1;if X > we, then( —r)? < (%)2. Let X = max_; x; and
Z=min({%:1<t < T}U{uo)). Then(l —r)? < X?/Z?, because thg, are convex
combinations of the elements pf: 1 <t < T} U {ug}. If ngl > 0, then the sum of the
divergences on the right-hand-side of (4.11) can be bounded by

In summary we have the following relative loss bound:



RELATIVE LOSS BOUNDS 229

Theorem 4.5. For density estimation with a Gamma distribution using the Incremental
Off-line Algorithm andj,* > 0,

T . T X2
> Li6) —min (nolAGw, 60) + Lt<9>> = —30(ogT),
t=1 t=1

where X= ma>gT:1 xxand Z=min({x:1 <t < T}U{uo}).

Better relative loss bounds that include the case w}gén: 0 might be possible by bound-
ing (4.15) more carefully.

4.1.3. Density estimation for the general exponential familyHere we give a brief dis-
cussion of the form the bounds take for any member of the exponential family. We rewrite
the divergence betwedh andé, ,1:

N AG (O, Ori1) =g P AF (1, 14)
= HF () — Fp) — (epr — 10 - F (o).

After doing a second order Taylor expansionFafu, ;) at u,, this last term equals

1
ST (s = 10 Vi F ) g (s = p)

1
= S (b = X0 Vg F () =gy (e = X0,

wherefi, is a convex combination @f; andgs, ;. If Vﬁ F (w) is constant then we essentially

have a Gaussian. The general case may be seen as a local Gaussian with the time-varying
curvature. Any reasonable methods have to proceed on a case-by-case basis (Morris, 1982;
Gutiérrez-Paa & Smith, 1995) based on the form ﬁﬁ F (), which is the inverse of the
variance function. Recall that = O(1/t). So summing the last term should always give

a log(T)-style bound. Sometimes the range of #aaeeds to be restricted as done in the
previous subsections for density estimation with Gaussian and Gamma distributions.

4.1.4. Linear regression. In this subsection the bounds for linear regression are developed.
Here the instance domaiki is RY and the label domail is R. The parameter domai®

is alsoRY and thed components of the parameter vectérs © are thed linear weights.

For a given exampléx;, y;) and parameter vectdt, the linear model predicts witk - 6.

The square losk(0) = %(xt -0 — y,)? is used to measure the discrepancy between the
prediction and the label for that example. Note thai) is not strictly convex irf. Thus,

we makeUg(8) strictly convex so that the initial divergeneg,, (68, 8p) becomes strictly
convex and our updates always have a unique solution. Welg(#9 = %0/77510, where

ngl is ad x d symmetric positive definite matrix. Now the divergence to the initial parameter
becomes\y, (6, 6p) = %(0 — 00)/7751(0 —0p). Thus, for linear regression, the update (4.1)
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of the Incremental Off-line Update becomes:

0111 = argmiry Ui41(0), forO<t <T,

1 L1
whereUy.1(6) = 5(8 — 60)'ng" (0 — 60) +> 560 = yo)* (4.16)
q=1

Note that we use the transpose notatq@l instead of the dot product because the subse-
guent derivations will use matrix algebra. The above setup for linear regression is usually
interpreted as a conditional density estimation problem for a Gaussianyagieken x;,
where the cumulant function in tridlis %(e’xt)z and the divergence corresponds to a
Gaussian prior of.

Again we develop the alternate on-line version of (4.16) as done in generalin Lemma 4.1.
SinceU; (0) equals%B/nt‘_llB except for linear terms, the on-line version becomes

st , 1,
0,1 = argmin, <§(9 — 0040 —6y) + E(Xta - Yt)2)~

By differentiating (4.16) for O< t < T, we obtain the Incremental Off-line Update for
linear regression:

t t -1
Ori1 =y (nolao +y quq>, wheren, = (nol +y qua> . (4.17)
=1

=1

This is the standard linear least squares update. It is easy to derive the following recursive
versions (for1<t < T):

0i11 = 77t77t_—119t + M Xe Wi
Ori1 = 0 — M1 (XX Br1 — Xe Vo) (4.18)
0111 = Or — 1 (XX Ot — Xt ) (4.19)

Note the correspondence of the above updates to the updates (4.7—4.10) for density es-
timation. Also Lemma 4.2 becomes the following quadratic equation (see (4.11) for the
corresponding equation in density estimation):

i 1
E:Mwo—(éw—aww&w—0w+LLﬂm)
t=1

T
t=1

We now reprove a bound obtained by Vovk (1997) for the Incremental Off-line Algo-
rithm. (For the sake of simplicity we choogg™® as a multiple of the identity matrik) A
similar bound was proven by Foster for the same algorithm. However, he assumes that the
comparato# is a probability vector (Foster, 1991).

/. — l /. —
<m—&mm%m—mm—§w—&um#w—%ﬂy (4.20)

NI =
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Theorem4.6. Forlinearregression with the Incremental Off-line Algorithm anp‘ =al
witha > 0,

: (1 - T X2
S oo o ) o),

t=1 t=1
where X=maxX|xi| : 1<t<T, 1<i<d}landY=max|y:|, |0 - %] : 1<t <T}.

Note that this theorem assumes that the predictigfls of the labelsy; at trial t lie in

[-Y, Y]. Ifthisassumption is not satisfied, we might use clipping, i.e., the algorithm predicts
with the number in£Y,Y] that is closest tox; 8;. However, clipping requires the algorithm

to know Y. There is little incentive to work out the details for the Incremental Off-line
Algorithm because for the algorithm of the next section we can prove a better relative loss
bound and the predictions don’t need to lie Y, Y].

Proof: We apply the Update (4.19) twice to the divergence in the sum of the right-hand-
side of (4.20). This give the first two equalities below. The third equality follows from
Lemma A.1 of the appendix.

1 1
50— 01+1) 1 1Oy — Oi11)) = 50t = 042 Xt (0t — )
1 / !
= E(Xtet — YO 2X( M Xt
1, N>
= E(Xtet - yt)2<1_ | — )

"’7t ‘

|

Incty|

<2Y?%1In (4.21)

In the last inequality we used the assumption #jét € [-Y, Y] and the fact thar — 1 >
In z. Note that the last inequality may not hold without the assumptjéne [—Y, Y].

The theorem now follows from applying these crude approximations to the equality of
Lemma (4.2):

1 ;1 u 2 |77f1|
> 50 =001 O = O) < Y 2¥2In
t=1 t=1 |77t—1’

7!
5
m™ + Yg-1 XXy |

57|

=2Y?In

= 2Y?In
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i=1

T X2
< 2Y2dln(1+ 3 )

< 2YZZ In<1+ Yot q')

The lastinequality follows from the assumption tkat < X2. The second to lastinequality
follows from the fact tha1n(§l =al and that the determinant of a symmetric matrix is at
most the product of the diagonal elements (see Beckenbach & Bellman, 1965), Chapter 2,
Theorem 7). O

Ideally we don’t want to use this crude bounding method. The goal is to rewrite the
sum of divergences so that further telescoping occurs. For the Incremental On-line Update
we have not been able to do that. Below is a partial attempt that follows what we did for
Gaussian density estimation (4.13).

30 — 0.0 10 — 6140))

“23 3(0y — 0111 % (X6 — Yo)

= 2(0; — 010 X (— X011 — V) + 3(0r — O41) X (X0 + X Ot41)
418 1! / / !
“29 2(X(Ors1 — YO XM _1 X (=X 01 — Vo) + 2(X(0)% — 2(X(0141)°

= IXm_ 1% (YF — (X({0141)%) + (X007 — (X 0r41)°. (4.22)

In the last equality we use the fact thgt ; is symmetric. Note that the last two terms in the
final expression do not telescope as they did for the Gaussian case (4.13). Surprisingly, for
the Forward Algorithm that will be introduced in the next section, the corresponding two
terms do telescope. Thus, for Forward Algorithm, one can prove a bound as the one given
in Theorem 4.6 except that the last term in the bound is glw\%d In(TTX2 + 1), aquarter of

what it was in Theorem 4.6. In the related problem for density estimation with a Gaussian,
the corresponding improved bound (with fac%()already holds for the Incremental Off-line
Algorithm.

5. Estimating the future loss—the Forward Algorithm

In this section we present our second algorithm called the Forward Algorithm and give some
lemmas that are used for proving relative loss bounds. Inttritde Forward Algorithm
expects to see the next example and we allow it to incorporate an estimate of the loss on
this next example when choosing its parameter.

In regression, “part” of the example, namely the instaxcés available at triat before
the algorithm must commit itself to a paramefer So the algorithm can use the instance
X; to form an estimatd_,(0) of the loss at triat. As we shall see in linear regression,
incorporating such an estimate in the motivation can be used to include the current instance
into the learning rate of the algorithm and this leads to better relative loss bounds. In density
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estimation, however, there are no instances, yet the algorithm still uses an estimate of the
future loss.

On-line protocol of the Forward Algorithm

Regression: Density estimation:

Initial hypothesis i®,. Initial hypothesis i9,.

Fort =1toT do Fort =1toT do
Getinstance;.
Guess loss otrth example. Guess loss orth example.
Update hypothesi@;_; to 6;. Update hypothesi@;_ to 6;.
Predict withé:. Predict with8.
Get labely; of t-th example. Get example.
Incur lossL(6y). Incur lossL;(6y).

We now define the update analogous to the previous section by minimizing a sum of a di-
vergence plus the losses in the pgastls and an estimate of the losg, 1 (0) in the next trial.

The Forward Algorithm

611 = argmiry Ui41(0), forO<t <T,
whereUt;1(6) = Au,(6, 60) + L1.1(6) + Lry1(6). (5.1)

AssumptionThe lossed (@) (for 1 <t < T), the estimated Iossdiq(a) (forl <t <
T + 1), andUy () are differentiable and convex functions from the parameter spette
the reals. Furthermore, we assume that the argtdin,(6) (for 1 <t < T) always have
a solution in®.

Note that the Incremental Off-line Algorithm is a special case of the Forward Algo-

rithm where all the estimated Iossés(e) are zero. As before there is an alternate on-line
motivation of the update using a divergence to the last parameter vector.

Lemma5.1. For the Forward Algorithmand <t < T,
Ocy1 = argmin, (Au, (8, 00 + Le(8) + Les1(0) — Li()).
Proof: SinceVU;(6;) = 0and
Uts1(0) = Ur(0) + Le(0) + Lia(0) — Lu(6),
we can rewrite the argument of the argmin as:

Ut (8) — Ur(8y) — (8 — 8y) - VU (By) + Li(8) + Li11(8) — Li(6)
= Ut11(0) — Ui (6y).

Thus, sincéJ;(6;) is a constant, the argmin fé_, ; used in the definition (5.1) is the same
as the argmin of the lemma. O



234 K. S. AZOURY AND M. K. WARMUTH

The following key lemma is a generalization of Lemma 4.2 for the Incremental Off-line
Algorithm.

Lemma 5.2. For the Forward Algorithmany sequence of T examples and ény ©,
T T
> L) - (Auo(a, o) + ) Lt(0)>
t=1

t=1

.
(Auy, (0, 0t41) — Liy1(0y) + Le(6y)

t=1

— AUr, (0, 0711) + L111(0) — L1(8) + Ay, (8, 01) — Ay, (8, 00).

Proof: For 0<t<T, we expand the divergencty,,, (6, 6i1+1) and useVU;;1(60:+1)
= 0. As in the proof of Lemma 4.2, this gives us

Ay, (0, 0t41) = Ur1(0) — Ur11(6110). (5.2)
SinceU;,1(0) = U(0) + Li(0) + Li1(8) — L(8), for 1 <t < T, we obtain

Le(©) = Ay, (6, 0t:1) — Les1(0) + Li(8) + Ups1(B11) — Up(6). (5.3)
For the special case 6f= 6;, we get:

Le(B)) = Au,,, (B¢, 0r51) — Ler1(80) + Le(Bp) + Ury1(Bri1) — Ui (8). (5.4)

Subtracting (5.3) from (5.4) and applyitg(8) — U:(6;) = Ay, (0, 6;) (aversion of (5.2)),
we obtain

Le(8y) — Li(8) = Ay, (0, 0141) — Liya(00) + Le(0)) — Ay, (0, 0i11)
+Le12(0) — Le(0) + Ay, (6. 6y).

The equation of the lemma follows by summing the above oveér &llals and subtracting
Ay, (0, 8p) from both sides. O

Any relative loss bound for the Forward Algorithm must be based on bounding the
right-hand-side of this lemma.

5.1. Density estimation with the exponential family

Here we apply the Forward Algorithm to the problem of density estimation with the
exponential family of distributions. We chootk(8) = nglG(H) as done for the Incre-
mental Off-line Algorithm. Thus, the initial divergence becomkgf) = Ay, (0, 6p) =

n5 ' Ac (8, 6o).



RELATIVE LOSS BOUNDS 235

For the estimated future loss we u%lql(e) = G(0) — @ g+ const This may be seen
as the average loss of a number of exampies. . ., z} for which (Zzzlzq)/k = pop.
Also, if ug lies in the instance domain, theq can be seen as a guess for the future instance
with the corresponding loss beirﬁg+1(0). The estimated IosJétH(a) can we rewritten as
Ag(0, 8p) + const Thus, with the above choices, the Forward Algorithm (5.1) becomes
the following (for0O<t < T):

611 = argmirp U41(0),
whereUy1(8) = (5" + 1) Ag(8, 8o) + L1.1(6).

This is the same as the Incremental Off-line Algorithm (4.5) except that the trade-off
parameter is now,* + 1 instead ofy; 1. For 1< t < T, the on-line motivation becomes

611 = argminy (n* Ac(8, 6) + L((6)),
wheren; ! =gt +t.

This is the same as the on-line motivation of the Incremental Off-line Algorithm (4.6) except
that nt‘fl is increased by one tg . The updates (4.7—4.10) and Lemma 4.3 remain the
same but the learning rates are shifted:

t
Hip1 = M+l (7711#0 + Z Xt), (5.5)

t=1

M1 = Mt41e—1M¢ + Ne1Xt, (5.6)
Hep1 = i — N(Hepr — X0, (5.7)
Heyr = My — N (py — Xo). (5.8)

The above updates hold fordt < T. The first one holds for = 0 as well which shows
that, = p, for our choice of the estimatie;,1(6).

Since the estimated loss is independent of the trial, the estimated losses in the last equality
of Lemma 5.2 cancel and we get:

.
D L6 — (15 Ac(6, 60) + L1.1(6))

t=1

.
= Z N2 A6 (0, 0i1) — 1711A6(0, O741) + Ac (8, 0o). (5.9
=1

5.2. Density estimation with a Gaussian

In this section, we give a bound for the Forward Algorithm that is better than the correspond-
ing bound for the Incremental Off-line Algorithm. Following the same steps as in (4.13),
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we simplify the following divergence:
277t_+11AG(0tv Oty1) = nt (th - 0t2+1) + 0t2 - 0t2+1~

Using this, (5.9) becomes

ZLt(ao—( N5 (6 — 60)° +L1T<0>>

1 1 1 1 _ 2 1
Erlt(xtz —67,,) + Eei - §9$+1 - E”Til(e —6741)" + 5(9 — 6o)°.

Il
M—i

t

Il
i

We now se¥), (and thusd;) to zero and choose = 6.

u 1 —-1p2
Z Le(6) — (5% 0% + Ll..TwB))

=3t Y e
—77t - 01
=2 =2
1 1 1
- E(UT + 167, — 77T+1(03 0711 + 56%. (5.10)

Sincelp = 17110741 = (L4 n7)0741, O — O741)? = 0265 ,,. Thus, the last three
terms of the above equation can be rewritten as:

1
50%+1<—1— nt — A+ n1) + QA+ 197)) =0. (5.11)

If x> < X2, then Equation (5.10) is bounded by

1 o+ T 1 T-1
=X? < =X? In <ZX*)f1+Inf1+ ——
e Ln=pe(nen ) s p(rem(ae L))

’70 S|

Theorem 5.3. For Gaussian density estimation with the Forward Algorithm &gd= 0,
-1 -~ O

ZL(Gt)—mln( Jle% — ZL(G))

T-1 1
2 2
Xy — —Th9t+1

t=1 2

T-1
x2<1+|n<1+ — ))
Mo +1

Note that the above bound for the Forward Algorithm is better than the bound for the
Incremental Off-line algorithm (see Theorem 4.4). The improvement is essentidly 2

[
-
NI =

—
[N

A
NIl -

where X= max_, x?.
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5.3. Density estimation with a Bernoulli

In this subsection we give the relative loss bounds for the Bernoulli distribution. Here the
examples are coin flips in{O, 1} and the distribution is typically expressedR& | 1) =

w*(L— )%, wherep is the probability of 1. Le® = In 7 " . So the distribution in terms

of g is

P(x|6) = expdx — In(1 + €)).
This is a member of the exponential family with natural parameter

Cumulant functionG(9) = In(1 + €”).

Parameter transformations:= g(0) = 1% andd = f(u) =1In ﬁ
Dual function:F(u) = wlnp + (1 — w) In(1 — w).

Loss:Li(8) = —x0 +In(1+ &) = —x Inp — (1 — %) In(L — w).

ConS|der the Forward Algorithm Wltho =0andfy = 0 (i.e.,uo = 2) In this case
g = PIELY = % (maximum likelihood) and the Forward Algorithm uses.1 = Y -1
We first develop a concise expression for the total loss of the algorithm.

Lemma 5.4. For Bernoulli density estimation with the Forward Algorithm ang m %
-1
770 = Ov

T Tus 1 T-Tus 1
= a=1 q=1
Proof: We first rewrite the loss at tridlin various ways. Les abbreviater]:l Xg-

1

1 1
+s e |n<1— 2+tsl_1>

—Int —x In < )—(1—xt) In(t— (%+st_1>>
< ) if = 1
< s_%) if % = 0.

We now develop a formula foELl L{(6y). Note that in all trial¢ in whichx; = 1 (i.e.,
whens, increases by one), the loksg(6;) contains the term- In(s — %). Over allT trials,
these terms contribulEjo:1 In(q — %). Similarly, in all trialst in which x; = 0 (i.e., when
t — s increases by one), the Iotss(et) contains the term-In(t — s — %). Over allT trials,
these terms contnbutET T In(g — 2). From this and the fact thatug = sr, the lemma
follows. O

Li(6;) = —X |n

=Int —
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Note that the right-hand-side of the expression of the lemma is independent of the order
in which the examples were seen. Thus, for Bernoulli distribution, the total loss of the
forward algorithm is permutation invariant. By Lemma 4.3, 1 (6g) = ming L1 1(0) =
—n7*F(ug) and thus

T Tus 1 T-Tus 1
Z Li(6) —L17(0B) = InT! —In 1_[ (q — 5) —1In H (q _ E)

=1 =1 =1
+T(uglInpug + (1 — wp) In(1 — wp)).

An equivalent expression using the Gamma function was first derived by Freund (1996)
based on the Laplace method of integration, (see discussion in Section 6).

.
> LiB) — L1.7(68)
t=1
1 1
=InI'(T+1) — InF(T,uB + 5) —In F(T —Tug + E) + In(m)
+T(usInusg + (1 — up) IN(L - up)).

Using the standard approximations of the Gamma function one can bound the right-hand-
side of the above by In(T + 1) + S Inx.

Theorem 5.5(Freund, 1996) For Bernoulli density estimation with the Forward Algo-
rithm anduo = %, g = 0,

T T
Z Li(6;) — minz Li(9) < 1 In(T+1) + I 7.
t=1 o t=1 T2 2

5.4. Linear regression

In this subsection we derive relative loss bounds for the Forward Algorithm when applied
to linear regression. As for the Incremental Off-line Algorithm, wellgtd) = %0/77510,
wheren, is symmetric and positive definite. The divergence to the infligiis again
Au,(8, 80) = 2(0—80)'ny (0—00). We use the estimated future ldss 1(8) = 3(x;,,0—
x{+100)2, i.e., the next labey, 1 is guessed asg ,,00. Thus, the Forward Update (5.1) for
linear regression becomes:

6:11 = argmiry Ui11(0), for0<t <T,
1 .
whereUt;1(8) = (8 — 80)'ng (6 — 6o)

t
1 ! 1 / /
+> 560 = Yo)? + 5410 — X1100)°.
q=1
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With this definition,U1(0, 8g) = %(0 - 90)’1;51(9 —60)+ %(x/le — x/1¢90)2 is minimized at
6o, and thus#d; = 6. By differentiatingU;,1(0), we obtain the Forward Update for linear
regression (6t < T):

t
01 = 7h+1<(7161 + Xt41%(41)00 + ZXqu>’
g=1

t+1 1
wheren, ., = (nol + Z qua) . (5.12)
q=1

Note thatf;; depends o, . Thus, the Forward Algorithm is different from the Incre-
mental Off-line Algorithm (4.17) in that it uses the current instance to form its prediction.

For the sake of simplicity we assume for the rest of this sectiondfat 0. Recursive
versions of the above update are the following(t < T).

Ori1 = Nepaml O+ M Xe Ve
Ot 1 = O — n (Xe1Xg 10011 — Xe o) (5.13)
011 =06y — 77t+1(Xt+1X{+19t — %t Yt)- (5.14)

We now rewrite the equality of Lemma 5.2 for linear regression. Sihgg6, 61) —
Auy(8, 80) = 30'x:x,0 = L1(8), we get

.
1
}juwo—(%hfo+unwﬁ
t=1 2
u 1 /=1 1 7 2 1 / 2
= > (50 = 0 nEaO = Oun) = S(x,100% + 560
t=

1
1 1 1 / 2
- 5(9 —0711)'N741(0 — O141) + E(XT+10) . (5.15)

Following the same steps we used for the Incremental Off-line Algorithm (4.22) we get:

%(et - 9t+1)/7h_+11(9t — 6i41)

5.14) / /
629 3(0r — Bt41) (Xe41X 110 — X W)
= 3(0t — 0111) (=X 11410001 — XeYo) + 5(0c — Or10)'XeaX( 1 (Ot + Ory1)

513 1
=" 5 (Xe1Xi410t41 — X YO (—Xe1Xt 4 10401 — Xe Vo)

+ 20X 1007 — 2(X{,10111)°

1,/ 2 1,/ / 2 1./ 2 1./ 2
= 3XMeXt Yy — XM X1 (X 10t41)” + 5 (X, 1007 — 5(Xp10t421)°.
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Using the above, the argument of the sum on the right-hand-side of Equation (5.15) can be
simplified as follows:
30— 000N (0 — Orin) — (%1007 + 3(x00)°
= XM — 3X M1 (K 10:1)% + 304007 — (¢ 10111)%.
Note that the last two terms telescope. In the corresponding derivation for the Incremental

Off-line Update, the last two terms did not telescope (4.22). So now (5.15)6n4th0g
becomes:

T
1,

Z Li(6y) — <§93770 95 + L1..T(98)>

t=1

T q , T-14 ,
EX{WtXt Yy — Z EX;+1ntXt+l(X;+10t+1) (5.16)
t= t=1

1

1
— 5(1 + X7 M7 XT41) (X/T+10T+1)2

1 . 1,
— 508 —0741) nT11(0p — 0141 + E(anes)z

As in Gaussian density estimation (5.10), we will now show that the last three terms of the
above equation are zero. First we rewfigas:

0p = nN7210741 = (| + NX741X5 ) 0741,

wherel is the identity matrix.
The last term becomes:
Lixt 40 L0 =11+ X 2(X;,0711)?
57 (L + 91X 41X7 4, D071 = 51+ X7 M XT41) (X741 0740)%
The second to last term simplifies to:
— 3 (M X7 42X 4107 40) W75 (7 XT 11X 1107 41)
= — XN Lrpan X (X 10111)°
= — 53X 1M1 (4 X742 1 M)XT 41 (X7 107 42)°

1 2
= =X XL+ X M7 XT40) (Kr10740)%

We now sum the last three terms while pulling out the faét(m‘THGTH)z:

%(—1 = XM XT+1 — X7 X711+ X7 M7 X7 41)
+ (1 + X X111 ?) (Kp410741) = 0.

Thus, the last three terms are zero just as they were for Gaussian density estimation with
the Forward algorithm (5.11).
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Finally, we can use the upper bound (see Theorem 4.6)

1,5, 2 |nt_—ll 1. 77;711
S XXt = Y 1- _ <=Y%In —
2 < |77t 1| 2 1

h
whereY = max’_; y2. Now the sums on the right-hand-side of (5.16) can be bounded by
1v2d In(1 + IX).

We now summarize the relative loss bound we proved for the Forward Algorithm:

Theorem 5.6. For linear regression with the Forward Algorithm aréd = 0, ngl =al
with a > 0,

T 1 T
Z L¢(6y) — min (—a02 - Z Lt(e))
6 \2 —~

t=1
T-14
= Z Xt”]tXth Z Xt+177txt+1(xt+19t+1) (5.17)
TX2
< —Y2d In(1+ —). 5.18
=5 ( + a ) ( )

where Y= max_, y2.

Note the above bound for the Forward algorithm is better than the corresponding bound
for the Incremental Off-line Algorithm (see Theorem 4.6). The improvement is by a factor
of four. The above bound (5.18) was first proven by Vovk (1997) using integration. An
alternate proof for the exact expression (5.17) was given by Forster (1999).

6. Relationship to the Bayes’ algorithm

Thereis an alternate method pioneered by Vovk (1997), Freund (1996) and Yamanishi (1998)
for proving relative loss bounds. In this section we sketch this method and compare it to
ours. A distribution is maintained on the set of paramet@rsThe parameters can be
names of algorithms and are called experts in the on-line learning literature (Cesa-Bianchi
et al., 1997). The initial work only considered the case whetis finite (Vovk 1990;
Littlestone & Warmuth, 1994; Haussler, Kivinen, & Warmuth, 1998). However, the method
can also be applied whe® is continuous (Freund, 1996; Vovk, 1997; Yamanishi, 1998).

At the beginning of triat, the distribution or® has the form

P1(6 —nL1.t-1(0)
5 PL() e tria®
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whereP; is a prior andy > 0 a learning rate. The following type of inequality is the main
part of the method:

La(t) < —% In / P(@)e 1@ (6.2)
%]

= _} |n/ P.(0) g L1t _,_} |n/ P.(0) g L1t-10)
n 0 n 0

HereL A(t) denotes the loss of the algorithm at ttiahn important special case occurs when
whenn = 1 and the los$ () is a negative log-likelihood with respect to a parameterized
density, i.e.,,Lq(8) = —In(P(xq]6)). We call this theBayes’ Algorithm In this case,
P; as given in (6.1) is the posterior distribution after seeing the ffirstl examples. If
the algorithm in trialt predicts with the predictive distributioR (x| Xy, ..., X%_1) (i.e.,
Lat) = —InPX¢ | X1, ...,%-1)), then (6.2) is an equality (DeSantis, Markowsky, &
Wegman, 1988).

In the more general setting (whenz£ 1 and the losses are not necessarily negative
log-likelihoods), the prediction of the algorithm is chosen so that inequality (6.2) holds no
matter what the-th example will be. Also, the larger the learning ratethe better the
resulting relative loss bounds. The learning rats chosen as large as possible so that a
prediction is always guaranteed to exist for which inequality (6.2) holds. The same learning
rateisusedinall trials. The inequality is often tight when the examples lie on the boundary
of the set of possible examples. By summing the inequality (6.2) over all trials, one gets the
bound

;
Y Lam < —% In /9 PL(f)e 7@, (6.3)
t=1

If the above integral cannot be computed exactly, then it is bounded using Laplace’s method
of integration around the best off-line parameter (Freund, 1996; Yamanishi, 1998).

We would like to point out the following distinction between the above method and
the algorithms presented in this paper. The prediction of the Bayes’ Algorithm (i.e., the
predictive distribution) is usually not represented by a parameter (or expe®) im-
stead, the algorithms analyzed in this paper chooses a MAP param@sdnirach trial.

In the case of the Bernoulli distribution, the Bayes’ Algorithm based on Jeffrey’s prior
(Freund, 1996; Xie & Barron, 1997) coincides with the Forward Algorithm V\nln;e]n: 0

and o= % (Section 5.3). Similarly, in the case of linear regression with the Gaussian prior,
Vovk’s algorithm (Vovk, 1997) coincides with the Forward Algorithm for linear regression
(Section 5.4). However, it is not clear that for other density estimation problems in the
exponential family the predictions of the Bayes’ Algorithm (Takeuchi & Barron, 1997,
Takeuchi & Barron, 1998) (or the algorithms produced by for the more general case when
n # 1) are represented by parameters in the parameter space.

In contrast, our method of proving relative loss bounds avoids the use of the involved
integration methods needed for (6.3) (Freund, 1996; Yamanishi, 1998; Cover, 1991; Cover
& Ordentlich, 1996). The parameter we maintain is based on a simple average of the past
examples, which is a sufficient statistic for the exponential family.
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7. Conclusion

In this paper, we presented techniques for proving relative loss bound for density estimation
with the exponential family. We gave a number of examples of how to apply our methods,
including the case of linear regression. For an exponential density with cumulant function
G, we use the Bregman divergenaes (0, ) as the measure of distances between the
parameter® and@. Thus, the los&(0) = — In Ps(x; | ) and divergence are based on the
same functiorG. However, lemmas 4.2 and 5.2 and the methodology for proving relative
loss bounds are more general in that the initial divergence and the loss do not need to
be related. These lemmas might be further extended to non-differentiable convex functions
using the generalized notion of Bregman divergences that was introduced by Gordon (1999).

The parameters maintained by our algorithms are invariant to permuting the past exam-
ples. However, the total on-line loss of the algorithms is not permutation invariant. Therefore,
an adversary could use this fact and present the examples in an order disadvantageous to the
learning algorithm. This suggests that there are algorithms with better relative loss bounds.

The Incremental Off-line Algorithm and the Forward Algorithm are incomparable in the
sense that either one may have a larger total loss. However, we believe that in some sense
the Forward Algorithm is better and this needs to be formalized. This belief is inspired
by the phenomenon of the Stein estimator in statistics (Stein, 1956), since like the Stein
estimator, the Forward Update uses a shrinkage factor when compared to the Incremental
Off-line Update.

We still need to explore how the bounds obtained in this paper relate to the large body of
research from the Minimum Description Length literature (Rissanen, 1989; Rissanen, 1996).
In this literature, lower and upper bounds on the relative loss of the %JInnT) + 01
have been explored extensively, whdris the number of parameters. However, in contrast
to the setup used in this paper, the work in the Minimum Description Length literature does
not require that the algorithm predicts with a parameter in the parameter space.

The methodology developed in this paper for proving relative loss bounds still needs
to be worked out for more learning problems. For instance, is there always B)istyle
relative loss bound for any member of the exponential family (see Section 4.1.3). Another
open problem is to prove I@g )-style bounds for logistic regression?

Finally, lower bounds on the relative loss need to explored for the case when the algorithm
is restricted to predict with a parameterin the parameter space. Such bounds have been shown
for linear regression (Vovk, 1997). In particular, it was proven that the constant beféne In
in the relative loss bound of the Forward Algorithm (Theorem 5.6) is tight. However, no gen-
eral log T)-style lower bounds is known for an arbitrary member of the exponential family.

Appendix A
Proof of Property 7 of Section 3.3:

Since the divergence is convexiniits firstargument, we can use it to define another divergence
A;(0,0), whered(0) = Ag(8, 03). We now expand\ ;(0, 8,) as follows:
Aj(0,02) = J(01) — J(02) — (01 — 02) - Vy,J(62)
= Ag(01,03) — Ag(02,03) — (01— 62) - (uy — p3). (A1)
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SinceG(0) — J(0) is linear in@, we have by Property 6 that the divergences with respect
to G andJ are the same. Thus, (A.1) is equivalent to Property 7. O

LemmaA.l. Fort=1,..., T,

‘nt_—ll
XimXe = 1 — )
cr Inc?|
Proof:
] = Inct = xext] = [t |E = mxex|
= e e Y200 = nexexOnd | = [0 = o Pxeknd .
So we only have to show théit— ni*xoxni’?| = 1 — x{mx. Withz = ni/?x this can be

rewritten agl — zZ| = 1—Zz The determinant df—z Z is the product of itsl eigenvalues.
Since

(Il —z2dz=2—-222=2-7Z22=(1-7Z2z

Zis an eigenvector with eigenvalue-1zz For any set ofl — 1 vectorsu; orthogonal taz
we have(l — zZ)u; = 1u;. Thus, theu; are all eigenvectors with eigenvalue one and the
product of alld eigenvectorsis + Zz O
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