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Abstract. Measurements in biology are made with high throughput
and high resolution techniques often resulting in data in multiple reso-
lutions. Currently, available standard algorithms can only handle data
in one resolution. Generative models such as mixture models are often
used to model such data. However, significance of the patterns gener-
ated by generative models has so far received inadequate attention. This
paper analyses the statistical significance of the patterns preserved in
sampling between different resolutions and when sampling from a gener-
ative model. Furthermore, we study the effect of noise on the likelihood
with respect to the changing resolutions and sample size. Finite mixture
of multivariate Bernoulli distribution is used to model amplification pat-
terns in cancer in multiple resolutions. Statistically significant itemsets
are identified in original data and data sampled from the generative mod-
els using randomization and their relationships are studied. The results
showed that statistically significant itemsets are effectively preserved by
mixture models. The preservation is more accurate in coarse resolution
compared to the finer resolution. Furthermore, the effect of noise on data
on higher resolution and with smaller number of sample size is higher
than the data in lower resolution and with higher number of sample size.

Keywords: Multiresolution data, statistical significance, frequent item-
set, mixture modelling.

1 Introduction

Biological experiments performed with high throughput and high resolutions
techniques often produce data in multiple resolutions. Furthermore, Interna-
tional System for human Cytogenetic Nomenclature (ISCN) has defined five
different resolutions of the chromosome band: 300, 400, 550, 700 and 850[1]. In
other words, chromosomes are divided into 862 regions in resolution 850 (fine
resolution) and 393 regions in resolution 400 (coarse resolution). Thus, data are
available in different resolutions and methods needs to be devised to work with
multiple resolutions of the data. However, current standard algorithms only work
with a single resolution of data. So, sampling in different resolutions possesses
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high importance. In this paper, we model multiresolution data and use statisti-
cal significance testing on data generated by generative models. Finite mixture
models are generative models [2,3] able to generate the potentially observable
data. Over the years, finite mixture models have been extensively used in many
application domains including model based clustering, classification, image anal-
ysis, and collaborative filtering in analysis of high dimensional data because of
their versatility and flexibility. In spite of the wide application areas of mixture
models, the evaluation of mixture models are often based on the likelihood of the
model on the original data, not by testing the data generated by the generative
models.

In [4], the authors used HMO (Hypothetical Mean Organism) motivated from
Bacteriology [5] and maximal frequent itemsets[6] to define the data to the do-
main experts in a compact and understandable manner. Furthermore, in [7], the
authors also compared the frequent itemsets [8,9] extracted from each cluster
to that extracted globally showing that the frequent itemsets were significantly
different. However, the authors failed to consider the significance of the itemsets
and their preservation by generative models. Study of patterns generated by
the generated models has received little interest. However, preserving patterns
from the original data should be essentially an important property of mixture
models and if properly designed can be one of the benchmarks for selecting bet-
ter mixture models. In this paper, we experiment with finite mixture models of
multivariate Bernoulli distribution to test whether the statistically significant
itemsets are preserved by mixture models. We also extend the ideas in [10] to
observe if the significant itemsets are preserved by the sampling in different
resolutions.

Novelties in this paper are determination of presence of statistically signifi-
cant itemsets with respect to sampling different resolutions and especially by the
data generated through the generative mixture models. Furthermore, we exper-
iment the mixture model with different levels of noise showing that the trained
mixture models are robust to noise in lower resolution and when there is sig-
nificant amount of data to train and constrain the mixture model thus showing
the importance of working in multiple resolutions which is useful for database
integration.

Rest of the paper is organized as follows: Section 2 presents the dataset used
in the experiments. Section 3 reviews the theoretical framework for experiments
including sampling, randomization and mixture modelling. Section 4 explicates
the experiments performed on the data and discusses the obtained results. Sec-
tion 5 draws conclusions from the experimental results.

2 DNA Copy Number Amplification Dataset

The dataset used in the experiments defines DNA amplifications in different
chromosomes. Amplification is the special case of duplication where the copy
number increases more than 5 [11]. The data was collected by bibliomics survey
of 838 journal articles during 1992-2002 by hand without using state-of-the-art
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Fig. 1. DNA copy number amplifications in chromosome-17, resolution 850. X = (Xij),
Xij ∈ {0, 1} . Each row represents one sample of the amplification pattern for a patient
and each column represents one of the chromosome bands.

text mining techniques [4,12]. The dataset contained information about the am-
plification patterns of 4590 cancer patients in resolution 400. There was another
set of similar data but in resolution 850 with higher sample size. The dataset
shown in Figure 1 contains the original data in resolution 850, the randomized
version and sampled from the mixture model. Each row describes one sample of
cancer patient while each column identifies one chromosome band(region). The
amplified chromosome regions were marked with 1 while the value 0 defines that
the chromosome band is not amplified. Patients whose chromosomal band had
not shown any amplification for specific chromosome were not included in the
experiments since we are interested in modelling the amplifications, not their
absence.

3 Theoretical Framework

Determining the significance of the results obtained by any algorithm or method
is an actively researched area. Statistical significance testing have often been
implemented to determine the significance of the results. In this paper, we im-
plement our statistical significance testing on data in multiple resolutions and
data generated by mixture models.

3.1 Sampling Resolutions

We have recently in [10] suggested three downsampling and a simple upsampling
technique for 0-1 data and performed experiments on them showing that the
methods are fairly similar. Upsampling is the process of changing the resolution
of data from coarse resolution to finer resolution and downsampling is the pro-
cess of changing the resolution of data from fine resolution to coarse resolution.
Upsampling makes multiple copies of similar chromosome bands in higher res-
olution. Downsampling, in turn, proceeds with one of three different methods:
OR-function, Majority decision and Weighted Downsampling. In OR-function
downsampling, a cytogenetic band in lower resolution is amplified if any of the
bands in higher resolution which combines to form the cytogenetic band in the
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lower resolution is amplified. In majority decision downsampling method, the
cytogenetic band in lower resolution is amplified if majority of the cytogenetic
band in higher resolution are amplified. In weighted downsampling method, the
length of the cytogenetic bands are considered. The cytogenetic band in lower
resolution is amplified if the total length of amplified band is higher than that
of the unamplified band.

3.2 Randomization

Statistical significance testing on datasets are not trivial as the data belongs
to a class of empirical distributions thus integrating over the PDF(Probability
Density Function) to calculate the p−values is often not possible. Furthermore,
given the data set D, its PDF or true generating model is often unknown. It is
trivial to integrate over the empirical distribution where a null distribution can
be fixed and samples can be drawn from the null distribution. Randomization [13]
is one of the method to sample from null distribution and it has been proposed
with some plausible results and implemented in various application areas such as
redescription mining [14]. Comparing segmentations of genomic sequences [15]
among many others.

Consider a 0-1 dataset, D with m rows and n columns. Let D1,D2 . . .Dn

be the randomized data produced using the randomization approach repeated
n times. Also, consider a data mining algorithm A, for instance frequent set
mining and mixture modelling in our case which is run on the data D with the
result A(D). The result A(D) determines the structural measure of the dataset
D, the frequencies of frequent itemset and likelihood in our case. The randomized
datasets D1,D2 . . .Dn are also subjected to the algorithm A producing results
A(D1),A(D2) . . .A(Dn). The task is then to determine whether the result on
the original data is different from the results on the randomized data. Empirical
p−values can be used for the same purpose.

Null Distribution: Given a binary dataset D, the null distribution considered
in the paper are all the datasets satisfying all the following properties:

1. The dataset of the same size i.e. number of rows and columns of randomized
data is equal to the number of rows and columns of the original data.

2. The dataset with same row and column margins. Margins here describes
the sums. Thus, row and column sums are exactly fixed. This automatically
preserves the number of ones in the dataset i.e. the number of amplifications.

As the the constraints discussed above increases, the randomization is becomes
more conservative. However, the main focus is to compare the results obtained
with the original dataset with closely related datasets. Furthermore, the number
of datasets satisfying the above constraints are still significantly high. Generally,
the application area determines the constraints of the randomization. Main-
taining row and column margins in this case is adapted from the idea in [13]
which seems relevant in our case considering the fact that most of the binary
datasets especially in the field of biology such as the amplification data dis-
cussed in Section 2 are often spatially dependent and sparse. On the other hand,
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if the randomization is not subjected to the constraints discussed above then any
result of an algorithm turns out to be relevant. With lesser constraints, the num-
ber of randomized datasets to sample for convergence discussed in Section 4.1
increases which consequently increases the computational complexity of the ap-
proach. Experimental results in [13] have shown that complexity of using a data
mining algorithm A on a dataset has significantly higher computational com-
plexity compared to the generation of randomized dataset under the constraints
discussed above. Similar to [13], the data is randomomized in the with repeated
0-1 swaps until convergence. The null hypothesis H0 throughout this paper is
that for all datasets D that satisfies the given constraints, the test statistic fol-
lows the same distribution. Test statistic used here is frequency or the support
(α) in case of frequent itemset and sample likelihood in case of mixture models.

p−Values: p-value can be defined as probability of obtaining a test statistic at
least as extreme as the one that was actually observed, assuming that the null
hypothesis is true [16,17]. Let D̂ = {D1,D2,Dk} be the randomized versions,
sampled i.i.d from the null distribution, of the original data D. The one-tailed
empirical p−value of A(D) for A(D) being large is

p̃ =
1

n + 1

(
n∑

i=1

I(A(Di) ≥ A(D)) + 1

)
, (1)

where i ∈ {1, 2 . . . k} and I is the indicator variable.
The Equation 1 gives the fraction of randomized dataset whose structural

measure, itemset frequency (support) in case of frequent itemset and sample
likelihood in case of mixture models, is greater than the original data A(D). In
one-tailed p−value small value of A(D) are interesting and can be defined simi-
larly for the two-tailed test. In this paper the randomized datasets are produced
using Markov Chain Monte Carlo(MCMC) approach. The samples produced by
MCMC are not independent thus diminishing the reliability of the p−values. To
mitigate this problem and guarantee the ex-changeability of samples, we imple-
ment forward-backward approach discussed in [18]. The basic idea is to run the
chain, a number of defined steps, say J backwards and forward after reaching
J. In other words, given the original dataset D, a dataset D̂ is obtained such
that the path length between D and D̂ is J. The desired number of K samples of
randomized data is obtained by running the chain J steps forward and obtaining
the samples D̂i thus producing D, D̂1 . . . D̂k as the set of exchangeable samples.
Furthermore, the p−values were adjusted for multiple hypothesis testing using
the Holm-Bonferroni test correction[19].

3.3 Mixture Models of Multivariate Bernoulli Distribution

Cancer is not a single disease but a collection of several diseases. Furthermore,
the amplification data discussed in Section 2 being high dimensional binary data,
finite mixtures of multivariate Bernoulli distribution was selected as the model
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to model the amplification data. The finite mixture of multivariate Bernoulli
distributions is defined as:

p(D|Θ) =
J∑

j=1

πj

d∏
i=1

θxi

ji (1 − θji)1−xi , (2)

where the data is assumed to originate from the known number of components J .
The mixture proportions πj satisfy the properties such as convex combination

such that πj ≥ 0 and
J∑

j=1

πj = 1, ∀j = 1, . . . J . The model parameters Θ is

composed of θ1, θ2, θ3 . . . θd for each component distribution.
Model selection in finite mixture modelling refers to the process of selecting

number of mixture components, J in the data. 10-fold cross-validation [20,21]
is used to select the optimal number of components taking parsimony into ac-
count. The process of model selection employed is similar to [4,10,22]. Since the
mixture models are complex and sample size of data was small to constrain it,
chromosome-wise mixture modelling was performed for data in different resolu-
tions. Expectation Maximization algorithm [23,24] was used to train the mixture
models using BernoulliMix[25] which is an open source program package for finite
mixture modelling of multivariate Bernoulli distribution.

4 Experiments

4.1 Convergence Analysis of the Swaps

In order to determine the optimal number of swaps to be performed, convergence
test for the randomized data was performed. In our experiments, the process of
randomization is said to converge when the distance between the the original
data and the randomized data changes the least with respect to the predefined
difference measure. Similar to [13] and [26], the distance measure used here is
the Frobenius norm between the original and the randomized matrix. In order
to test the convergence, first the number of attempted swaps is fixed to 1 and
increased by the step size of 1. The approach used here differs from [13] and [26]
because they set the initialization point to K equal to the number of ones in
the data and increase the number of attempts in multiples of K. Such approach
could prove beneficial in large datasets but since amplification dataset is small,
it was very easy to compute the swaps thus making it easier to initialize number
of attempted swaps to 1. Furthermore, similar dataset was available in resolution
850 with higher sample size. Thus, the convergence test was performed for both
the data and their upsampled and downsampled versions as shown in Figure 2.
Ten different instances of the swaps are performed and the mean of the results
is taken as the final convergence test. Similar, convergence analysis was also
performed for combined data and the sampled data. Convergence of sampled
data was similar to the original data from which the model was trained. However,
in case of combined data, convergence required relatively higher number of swaps
i.e. 700000 swaps. Figure 2 shows that the swap converges when the number of



92 P.R. Adhikari and J. Hollmén

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Convergence in Different Resolutions: Upsampling
F

ro
be

ni
us

 n
or

m

Number of Attempted Swaps

 

 

400
550
700
850

(a) Resolution 400 and Upsampled

0 10 20 30 40 50 60 70 80

Convergence in Different Resolutions: Downsampling

F
ro

be
ni

us
 n

or
m

Number of Attempted Swaps

 

 

400
550
700
850

(b) Resolution 850 and Downsampled

Fig. 2. Convergence analysis for randomization with respect to 0-1 swaps

attempted swaps is approximately 16000 for original data in resolution 400. From
the Figure 2 it can also be seen that the Frobenius norm increases rapidly until
certain number of attempted swaps and then tends to stabilize. The stabilizing
point is taken as the convergence. As discussed in Section 2, the sample size of
data in resolution 850 was high thus taking longer time to converge. The number
of swap attempted to get the randomized data in this case is 600000.

4.2 Model Selection in Mixture Model

Model selection in the context of mixture modelling is the selection of number
of components of the mixture model. It is often recommended to repeat cross-
validation technique a number of times, at least 10, because a 10-fold cross-
validation can be seen as a “standard” measure of the performance whereas ten
10-fold cross-validations would be a “precise” measure of performance[27]. In
addition, EM-algorithm is highly sensitive to initializations and the global op-
timum is not often guaranteed [28]. Therefore, the cross-validation procedure
was repeated 50 times. Since the analysis was performed chromosome-wise, the
data dimension was relatively less. Thus, the number of mixture components
were varied between 2 and 20. Using higher number components can overfit the
data. Furthermore, our major goal, as in [4], was to generate compact and par-
simonious models. The log-likelihood was averaged for each component and the
interquartile range(IQR) was calculated. Furthermore, the model selection pro-
cedure was also performed for the randomized data. In Figure 3a, both training
and validation likelihood are smoothly increasing curves with low variation in
IQR. The number of components selected in this case is 7, taking the parsimony
into account. We also performed similar model selection procedure on the ran-
domized data as shown in Figure 3b. It was found that there is no well defined
clustering structure present in the data with respect to the mixture models.
Furthermore, the results on randomized data also proves that the data is not
a random data but there is a well-defined structure present in the data which
mixture model is able to extract.
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Fig. 3. Model Selection procedure and Model visualization: Example case in combined
data of Chromosome-17 in resolution-400 and its corresponding randomized version.
Corresponding IQR (Inter Quartile Range) for each training and validation run has
also been plotted.

(a) Resolution 400 (b) Resolution 850

Fig. 4. Two different models for the combined data trained in resolution 400 and 850

After selecting the number of components, ten different models were trained to
convergence and best of the trained models were used to calculate the likelihood
on data as shown Figure 5b. The model was also used to sample the data to
calculate the significant itemsets in the sampled data. Figures 4a and 4b are the
final models trained to convergence for combined data in resolution 400 and 850
respectively. Similarity of the models can be tracked visually from the model
visualization as in Figure 4. For example, component 6 in Figure 4a corresponds
to component 1 in 4b.

4.3 Significance of Frequent Itemsets and Data Samples

In the experimental setup, first the frequencies of the itemsets of the size two were
determined from the original data. The itemsets of size three and above were dis-
carded from the experiments for simplicity and space constraints for explaining
the results. However, results in [10] has shown that generally the frequent itemsets
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in the amplification data discussed in Section 2 are large and consecutive. The
core of the work was to determine if the statistically significant itemsets were
preserved in different resolutions and by the generative mixture model. First the
itemsets of size two which had a frequency or support(α ≈ 0.5) were determined
and the original data was then subjected to randomization. Randomization pro-
duces 100000 samples of randomized dataset. Larger number of random samples
are chosen because Holm-Bonferroni [19] used to correct for multiple hypothesis
requires higher number of samples for plausible results. The structural measure
used to calculate the p−values in our case is the support or the frequency of the
itemsets. The choice of frequency or support(α ≈ 0.5) is arbitrary but motivated
by majority voting protocol and constraining the number of frequent itemsets
thus making it easier to interpret and report. Furthermore, itemsets with very
low support but statistically significant are not highly interesting. The samples
of data were generated equal to the number of samples in the original data. Sim-
ilarly, the data generated from the trained mixture models were also subjected
to randomization to determine the statistically significant itemsets.

Table 1. Itemsets of size 2 with their frequency (support) in original as well as sampled
resolution. Results of Downsampling have been omitted because of space constraints.
The symbol item

n C item
r suggests combination where subscript n and r determines n

choose r in the combination and superscript determines the item to start and end the
combination.

Significant itemsets of Size 2 at α = 0.05

Data Support Original Data Model Sampled

Original 393 .4 {9,10}, {11,12} {9,10}, {11,12}
Upsampled 850 .4 10

5 C14
2 , 15

4 C18
2 , 19

6 C24
2

10
5 C14

2 , 19
6 C24

2

Combined 393 .6 { 5, 7}, { 5, 12}, 8
6C

12
2 { 5, 7}, { 5, 12}, { 7, 12},

8
6C

12
2

Combined 850 .6 10
6 C15

2 , {12,16}, {12,17},
{12,18}, {13,16}, {13,17},
{13,18}, {14,16}, {14,17},
{14,18}, 15

10C
24
2

10
6 C15

2 , {12,16}, {12,17},
{12,18}, {12,20}, {13,16},
{13,17}, {13,18}, {13,20},
{14,16}, {14,17}, {14,18},
{14,20}, 15

10C
24
2

The p−values were calculated to test the significance of the itemsets. The
statistically significant itemsets computed at significance level (α)= 0.05 in the
original data and the sampled data from the model is compared and analyzed.
Table 1 shows that significant itemsets are approximately but not exactly pre-
served by the generative mixture model as well as the sampling of resolutions.
Difference is subtle in higher resolution. The itemsets in lower resolution corre-
spond to itemsets in higher resolution. For example, itemset {11,12} in resolution
400 corresponds to itemset 19

6 C24
2 in resolution 850. It is to be noted that not all

frequent itemsets are significant and not all significant itemset are frequent. For
example, in case of combined resolution 400, itemset {1,2} is significant where
as it is not frequent. Furthermore, itemset {7,12} is frequent but not significant.
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We also determined the number of significant data samples in different resolu-
tions and from the sampled model. Figure 5a suggests that numbers of significant
data vectors are preserved in the generative models. During our experiments, we
also determined the indices of the significant data vectors and it was seen that
indices of the significant vectors are not preserved i.e. generated of samples of
data are not arranged in similar manner to original data. Furthermore, it was
also seen that finer resolution has higher number of significant data samples be-
cause with increasing dimension the uniqueness of the rows increases and the 0-1
swap strategy used in the randomization ceases to function properly. However,
this has little or no significance because of i.i.d assumption for each data sample.

4.4 Effect of Noise on the Likelihood
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Fig. 5. Ratio of significant data samples to the number of samples in the left panel
and effect of noise and resolution on the likelihood in right panel

We added random noise to the data. Since the data was binary data, adding
noise is simply flipping the bits i.e. changing ones to zeros and zeros to ones.
Addition of 5% noise means that 5% of total data items in the dataset are
flipped. Figure 5b shows that the effect of noise will be significantly higher for
data in finer resolution than the data in the lower resolution. Furthermore, when
the number of samples is low (Cases: Original 400 and Upsampled to 850),
the difference in the likelihood is large because the number of samples are too
low to constrain the mixture model. However, when the number of samples are
increased, as in case of combined datasets, the variation in likelihood is not
significant. Nevertheless, likelihood for the data in the higher resolution deviates
significantly even when the sample size is increased.

5 Summary and Conclusions

We use statistical significance testing on data in different resolutions and on
data generated by the generative mixture models using randomization. From



96 P.R. Adhikari and J. Hollmén

the experiments we conclude that finite mixtures of multivariate Bernoulli dis-
tribution retains the significant itemsets and the significant data vectors in the
original data even when the mixture model is trained parsimoniously. Further-
more, experiments with different levels of noise on the data shows that models
parsimonious models in coarse resolution are more robust to noise. Nevertheless,
when there is adequate amount of data to constrain the mixture model, the effect
of noise diminishes significantly even in higher resolution.
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