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Abstract The minimum density of a covering of the plane with translates of a trian-
3
gleis 5.
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1 Introduction

A collection C = {C, Cy, ...} of planar convex bodies is called a covering of a do-
main D C R? provided | J ; Ci 2 D. The area of a convex body C is denoted by |C].
For any pair of independent vectors vq, v, in the plain, the latfice generated by v;
and v, is the set of vectors {kvy + [vy : k, [ integers}. A covering of R? is a lattice
covering if it is of the form (C + v)yer, where L is a lattice.
The density of a collection C relative to a bounded domain D is defined as

1
d(C,D) = ngc N D|.

If the whole plane R? is covered with C then the lower density of C in R? is defined
as
d_(C, R*) =liminfd(C, B*(r)),
r—0o0
where B2(r) denotes the circle of radius r centered at the origin.

The lattice covering density 91 (C) is defined as the infimum of d_(C, R?) taken
over all lattice coverings with congruent copies of C. The translative covering density
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97(C) is defined as the infimum of d_(C, R?) taken over all translative coverings
with congruent copies of C. These infima are attained.

By Fary’s theorem [4], the triangles are the least economical convex sets for a
lattice covering; we have 91 (C) < % for every convex body C and equality holds if
and only if C is a triangle (see also [1]).

Since 97 (C) < 91 (C), it follows that ¥7(C) < % for any convex body C in the
plane other than a triangle. The aim of this paper is to show that the triangles are the
least economical sets for translative covering, i.e. that ¥ (A) = 3 for any triangle A
(see Problem 2, Chap. 1.3 of [3]).

Various results concerning coverings with convex bodies are discussed in [2, 3, 5],
and [6].

Theorem The minimum density of a covering of the plane with translates of a trian-
o3
gleis 5.

2 Parts Used for the Covering

Let Ty be the right isosceles triangle whose vertices are (0, 0) (called the right ver-
tex), (—1,0), and (0, 1) (called the left and the upper vertex, respectively). For any
translate 7; of Ty each of the right, the left, and the upper vertex of T; is defined as
the vertex corresponding to the identically named vertex of Ty. The coordinates of
the right vertex of 7; are denoted by (x(7;), y(T})).

Consider a covering 7 of the plane with translates of 7. We assume that in the
covering 7 no two triangles coincide. Moreover, we assume that the number of tri-
angles that intersect B2(r) is finite, for each r > 0.

Let T,, and T; be two different triangles of 7. We say that T,, cuts T; provided at
least one of the following three conditions is fulfilled:

(c1) the right vertex of Ty, belongs to the interior of 7;;

(c2) the vertical leg of T, intersects both a leg of 7; and the hypotenuse of T;;

(c3) the horizontal leg of T, without the left vertex intersects both a leg of 7; and
the hypotenuse of 7;.

For instance, 79 (i) cuts 7j, but 7 does not cut T4 (i) in the left-hand picture in
Fig. 5. If the interiors of Ty, and T; intersect, then either T, cuts T; or 7; cuts Ty,.

Let r be an arbitrary number greater than 4. All triangles of 7 that intersect
B%(r — 4) are denoted by Ti,..., Ty so that if i < j, then either y(T;) < y(T})
or y(T;) = y(T}) and, at the same time, x(7;) > x(T;). Furthermore, denote by
Ts+1, ..., T, the remaining triangles that intersect B2(r).

Leti € {1,...,z} and let S; be the union of the triangles that cut 7;. The part
U; C T; used for the covering is defined as the closure of T; \ S;.

Obviously, U; is a polygon with two sides contained in the legs of 7; and with
the other sides parallel to the legs of 7;. Moreover, sets Uy, ..., U; have pair-
wise disjoint interiors. We show that sets Uy, ..., Us cover BX(r — 4). Let ap €
Bz(r —4). Denote by ny, ..., ny all integers such that ag € T,,, fori =1, ..., k. Obvi-
ously,ni,...,nr €{l,...,s}.Sinceag € T,, N---NTy,, it follows that there exists an
integer j € {1, ..., k} such that ap € U,,j. Consequently, BXr—4)cU,U---UU;.
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Fig. 1 The optimal lattice covering

Fig. 2 A translative covering

We say that U; is n-tier, if U; has 2n + 2 sides. Figure 1 illustrates the optimal
lattice covering. In the covering U; is 2-tier and |U;| = %|Ti| for each triangle T;.
Figure 2 illustrates a translative covering.

3 Types of Triangles

Note that

Uil = - EIT'I
1= 3 - 3 1
provided U; is either 1- or 2-tier. If U; is 1-tier, then |U;| < %|T,-|. If U; is 2-tier,
then |U;| =t(1 —t) + s(1 —t — s5), where the numbers ¢ and s denote the distances
shown in Fig. 3. This 2nd degree polynomial in two variables reaches its maximum
ats =t =1 Consequently, |U;| < %
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Fig. 3 1- and 2-tier parts ——
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Fig. 4 Triangles of the second type

If |U;| < %|Ti | would hold all triangles, it would directly follow that the covering
density is at least % Unfortunately, if U; is n-tier and n > 3, generally it is not the case
here, |U;| might be arbitrarily close to |7;|. Thus, we have to partition the triangles
into small groups of 1, 2, 3 or 4 triangles, such that for them

DA Bt

holds.

The vertices of U; are denoted by aj (i), ..., az,+2(i) as presented in Fig. 3.

If U; is n-tier, where n > 3, then we will define triangle Tl(i ) and, if needed,
T2(i) and T3(i). Denote by T“(i) the triangle, the right vertex of which is in as(i)
and by 7™ (i) the triangle, the right vertex of which is in a7(i). Furthermore, denote
by T9@) the triangle, the right vertex of which is in ag (i) provided n > 4 (see Fig. 4).

Assume that n = 3. If T%(i) cuts T™ (i), then T (i) = T™(i). Otherwise, T' (i) =
T"(i). We do not define T2 (i) (see Fig. 7, where T1(i) = T}).

Assume that n > 4. If T%() cuts T™ (i) and if T9(i) cuts T (i), then we take
T1(@) = T™ (i) and we do not define T2(i) (see Fig. 4). Otherwise, we define T )
and T2(i) as follows:
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Fig. 5 Triangles of the third type

If T*(i) cuts T™ (i), then T' (i) = T™(i).

If T (i) cuts T*(i), then T1 (i) = T*(i).

If 79() cuts T™ (i), then T2() = T™(i).

If 7" (i) cuts T9(i), then T%(i) = T“(i) (see Fig. 5 and the left-hand picture in
Fig. 6, where T'(i) = T and T%(i) = T).

The triangles T1, ..., Ty will be divided into five types. Some of the triangles from
among Ts41, ..., I, will have defined a type, too. The definition of types is inductive.
First assume that i = 1.

(ty) If|U;| < %, then T7; is of the first type and T; is basic.

(tp) If |U;| > %, if U; is n-tier, where n > 4, and if 72(i) is not defined, then T} is
basic and both T; and T'! (i) are of the second type.

(tz) If |U;| > %, if U; is n-tier, where n > 4, and if 72(i) has been defined, then 7} is
basic and T;, T' (i) and T2 (i) are of the third type.

(ta) If |U;| > %, if U; is 3-tier and if |U;| + |U;| < %, where T; = T'(i), then T; is
basic and both T; and T (i) are of the fourth type.

(ts) If |U;| > %, if U; is 3-tier and if |U;| + |U;| > 3, where T; = T'(i), then T;
is basic and T;, T (i), Tl(j) and Tz(j) (provided it is defined) are of the fifth
type. T'(j) is denoted by T2(i) and T2(j) (provided it is defined) is denoted
by T3(i).

Now assume that i € {2, ..., s} is the smallest integer such that the type of 7; has
not been yet defined. The type of T; is defined by conditions (t;)—(ts).

Assume that 7; and 7j, where i # I, are basic triangles and that 7*(i) and T* (1)
have been defined, where A, 1 € {1, 2, 3}. Let j be the integer such that T; = T (i).
Since there is only one integer n # j and there is only one integer « such that ax(j) =
a, (n), it follows that T* (i) % TH(1).
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Fig. 6 Triangles of the third and the fifth type

K

4 Size of Parts Used for the Covering

Obviously, if T; is a basic triangle of the first type, then |U;| < %|Ti |
Let 7; be a basic triangle of the second type. Denote by j the integer such that
T; = T'(i). Observe that

1
]Uj\T,-\fg. (1

Denote by p the distance between the vertical leg of T; and the vertical leg of T )
(see Fig. 4). Furthermore, denote by g the distance between the horizontal leg of
T'(i) and the horizontal leg of T;. If p 4+ ¢ > %, then |U; \ T;| < %|T1-| = é (see the
left-hand picture in Fig. 4). If p + g < %, then

1 1 5 5
|Uj\Ti|§§—§(1_P_C]) —(p+q

(see the right-hand picture in Fig. 4, where U; \ T; is contained in the light-grey
trapezoid). Since the maximum of this upper bound is reached when p + g = %, it
follows that |U; \ T;| < %. This implies that

1 1 2 2
Uil +1Uj| = 5 + 2 =3 =3 (T +1T;1).

Let 7; be a basic triangle of the third type (see Fig. 5 and the left-hand picture in
Fig. 6).

If T1(i) = T" (i), then denote by w the distance between the vertical leg of T (i)
and the vertical leg of 7 (i). If T'(i) = T™ (i), then denote by w the distance be-
tween the horizontal leg of 7% (i) and the horizontal leg of 7" (i). If T2()=T"(®),
then denote by v the distance between the vertical leg of 7" (i) and the vertical leg
of T4 (i). If T?(i) = T“(i), then denote by v the distance between the horizontal leg
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T"(i)

ptq P
Fig. 7 Triangles of the fourth type

of T™ (i) and the horizontal leg of T¢(i). Furthermore, denote by k and [ the integers
such that T, = T1(i) and T; = T2(i). It is easy to see that

1
|Ui| + |Uk| + Ul < §+v(1 —v)+w(l —w)

Lo
=274 "4

2
=S (I + Tel + 1721).
If T; is a basic triangle of the fourth type and if T' (i) = T;, then
2
Uil + U] = §(|Ti| +1T;D.

Let T; be a basic triangle of the fifth type and let T'!(i) = T;. Obviously, |U;| > %
and |U;| +|U;| > 3.

If 7, =T"(@), then denote by p the distance between the vertical leg of T; and
the vertlcal leg of T; and denote by ¢ the distance between the horizontal leg of T;
and the horizontal leg of T; (see the left-hand picture in Fig. 7). If T; = T*(i), then
denote by p the distance between the horizontal leg of T; and the horizontal leg of T;
and denote by g the distance between the vertical leg of T; and the vertical leg of 7;
(see the right-hand picture in Fig. 7).

Note that % < p+q <0.64. It is easy to see that

1
|Ui|§CI(1_Q)+P(1_Q_P)+ZP2~

If p+ g < 3, then, by a simple calculus argument, this upper bound does not ex-
ceed % Consequently, T; is not a basic triangle of the fifth type. Moreover,

1 1 1
|Ui|+|Uj|54(1—61)+P(1_P_Q)+ZP2+§_§(P+CI)2-
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If p+ g > 0.64, then, by a simple calculus argument, this upper bound does not
exceed % Consequently, 7; is not a basic triangle of the fifth type.

We show that U is n-tier, where n > 4. Assume the opposite, that n < 3.

If T; = T™ (i), then denote by b the common point of the hypotenuse of 7; and the
Vertlcal leg of T;, by a the common point of the hypotenuse of 7; and the horizontal
straight line containing b, and denote by ¢ the common point of the hypotenuse of
T; and the horizontal leg of T"(i) (see the left-hand picture in Fig. 7). It is easy to
see that the area of the part of U; lying above the horizontal straight line containing b
does not exceed % : %pz. Since U is 1-, 2- or 3-tier, the area of the part of U; lying on
the left side of the vertical straight line containing ¢ does not exceed % . %(1 —p—q)*

If T; = T"(i), then denote by b the common point of the hypotenuse of 7; and the
horizontal leg of T, by a the common point of the hypotenuse of T; and the vertical
straight line containing b, and denote by ¢ the common point of the hypotenuse of
T; and the vertical leg of T" (i) (see the right-hand picture in Fig. 7). The area of
the part of U ; lylng on the left side of the vertical straight line containing b does not
exceed 1 2 p?. The area of the part of U; j lying above the horizontal straight line

o . 2 1
contamlng c does not exceed 5 - 5(1 — p — q)?.
Since p +¢q > %, it follows that

1 1
Uil +1U;| < 3(1—p—q>2+1p2+q<1—q>

+pd—=—p—-—q)+(p+q9d—-p—q).

This 2nd degree polynomial in two variables reaches its maximum at p = % and
q= é, and therefore |U;| + |U;| < 2 , which is a contradiction.

Since U is n-tier, where n > 4, there are two possibilities: either T2(j) is defined
or T2(j) is not defined.

Assume that TZ(J) is not defined (see Fig. 8; T; = T (i) in the left-hand picture
and T; = T"(i) in the right-hand picture). Denote by k the integer such that T =

T( J). The area of Uy \ T; is not greater than % (see (1)). Consequently,

1 1 1 1
|Uz-|+|Uj|+|Uk|Sq(l—q)+p(1—p—q>+1p2+5—5<p+q)2+g.

and

~Io

This 2nd degree polynomial in two variables reaches its maximum at p =
= % Consequently,

37 2
Uil +|Uj1 41Ul = 35 < 1= 5(|T,~|+|T,~| + | Tkl).

Now assume that T2(j) is defined. Denote by k and [ the integers such that
T'(j)=Ti and T*(j) = T.

Assume that 7; = 7™ (i). Denote by R; the part of T; lying under the horizontal
straight line containing a.

If T; = T4 (j), then take v» = 0 and denote by v; the distance between the hori-
zontal leg of T,,, (i) and the horizontal leg of 7; (see Fig. 10 and the right-hand picture
in Fig. 6).
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Fig. 8 Triangles of the fifth type, T2(j ) is not defined
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Fig. 9 Triangles of the fifth type, T%( J) is defined

If T; =T"(j) and if a € Ty \ T;, then take vy = 0 and denote by v; the distance
between the vertical leg of 7; and the vertical leg of T9(j) (see the left-hand picture
in Fig. 9).

T =T"(j)and ifa € Td(j), then take v = 0 and denote by v, the distance
between the vertical leg of 7; and the vertical leg of 7% () (see the right-hand picture
in Fig. 11).
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Fig. 11 Triangles of the fifth type, T1(j) = T“(j)

KTy =T"(j)andifa € T} \ Td(j), then denote by v the distance between a and
the vertical leg of 7% (j) and denote by v, the distance between a and the vertical leg
of T; (see the left-hand picture in Fig. 11).

If Ty = T™(j), then take wy = 0 and denote by w; the distance between the hori-
zontal leg of 7" (i) and the horizontal leg of T} (see the right-hand picture in Fig. 6).

If T, =T“(j) and if a ¢ Ty \ T™(j), then take w; = 0 and denote by w; the
distance between the vertical leg of T, (i) and the vertical leg of T} (see Fig. 11).

If T, =T"(j) and if a € Ty \ T™(j), then denote by w; the distance between a
and the vertical leg of 7 (i) and by w; the distance between a and the vertical leg
of Ty (see the left-hand pictures in Figs. 9 and 10).

Consider the case when vy = 0 (e.g. see the left-hand picture in Fig. 9).
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Observe that $v? < 0.05. If Jv? > 0, 05, then

1 1 1
um+um<qu—w+pa—p—m+zﬁ+5—5w+qf—&%. 2)

This 2nd degree polynomial in two variables reaches its maximum at p = % and

q= % Consequently, |U;| + |U;| < %, which is a contradiction. This implies that
v=<+0.1<0.32and |U;\ Rj| <vi(1 —v1) <0.32(1 —0.32) <0.22.
Obviously,

1 1
Uk \ Rj| < (w1 +w2)(1 —wy —wy) + §w§=w1 —wl 4wy — §w§—2w1w2.

By a simple calculus argument, this upper bound does not exceed p +¢q — %( p+q)?
provided0<w; <l—p—gand0<wy <p+gq.
Hence, the sum |U;| + |U;| + |Ug| + |U;| is smaller than

1 I 1 1
q=)+pA—p=@)+ 0 +5 -5+ +p+q—(p+9*+0.22.

This 2nd degree polynomial in two variables reaches its maximum at p = % and
q= % Consequently,

4 2
Uil + Ul + Ukl + U] < 3= §(|Ti| + 1T + 1T + 1Th1).
Consider the case when vy # 0 (see Fig. 11).
Observe that %v% + v1v2 < 0.05, otherwise, by (2), |U;| + |Uj| < %, which is a

contradiction.
It is easy to see that

1
[(UrUUD\R;| <vi(1—vi —v) +v2+w) — §(v2+w2)2+v2(w2—v1).
Since v + wr < p + g < 0.64, it follows that
1
Uk UUD\Rj| <vi(l—vi—w)+p+g— §(p+q)2+v2(0.64—v2—v1).

Ifv;>0,0<vy; <1andif %v% + v1v2 <0.05, then, by a calculus argument,
vi(1 —v; —v2) +12(0.64 — vy —vy) < 0.22.

Consequently, the sum |U;| + |U;| + |Ux| + |U;| does not exceed

1, 1 1 ) 1 ) 4
q(l—q)+p(1—p—q)+1p +§—§(p+q) +p+q—§(p+q) +0.22<§.

If T; = T"(i), then, arguing in a similar way (e.g. compare the left-hand and the
right-hand picture in Fig. 9), we also obtain

2
\Uil + U + Ukl + Ul < §(|Ti| + 1T |+ | Tx| + 1 Th1).

@ Springer



178 Discrete Comput Geom (2010) 43: 167-178

5 The Proof

Proof Since the problem is invariant under affine transformations of the plane, we
can consider coverings with translates of the right isosceles triangle 7p.

Obviously, ¥7(Tp) < 91(Tp) = 3. We show that 97(Tp) > 3.

Let 7 be an arbitrary covering of the plane with translates of Ty. We can assume
that no triangles in 7 coincide (we are looking for the minimum covering density).

Let r be an arbitrary number greater than 4. We can assume that only finitely
many of the triangles in 7 intersect B2(r), otherwise the lower density of 7 would
be infinite. We define parts used for the covering and types of triangles as in Sects. 2
and 3.

Denote by Ay, the set of integers i such that 7; is of the hth type forh =1,...,5
andlet A= A U---U As. From the consideration presented in Sect. 4 we have

PLIEES A

ieA i€eA

Obviously, 7; C Bz(r —4+ ﬁ) for i € {1,...,s}. Moreover, each triangle for
which a type has been defined is contained in B2(r — 2 + +/2).
Since

B> > Jni o JUio B r -4,
i€cA ieA
it follows that

: 3 3
YITNBAO] =Y 1T = 2 Y Uil 2 Sa(r —4)%

i=I icA icA
Consequently,
3 -4 3
liminfd(7, B2(r)) > = lim =4 _3 0
r—00 2r—o0 p2 2
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