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Abstract. According to a theorem of L. Fejes T6th [4], if non-crossing congruent copies
of a convex disc K cover a convex hexagon H, then the density of the discs relative to H
is at least area K/ fx (6) where fx (6) denotes the maximum area of a hexagon contained
in K. We say that a convex disc is r-fat if it is contained in a unit circle C and contains
a concentric circle ¢ of radius r. Recently, Heppes [7] showed that the above inequality
holds without the non-crossing assumption if K is a 0.8561-fat ellipse. We show that the
non-crossing assumption can be omitted if K is an ry-fat convex disc with ry, = 0.933 or
an ry-fat ellipse with r; = 0.741.

1. Introduction

By a convex disc we mean a compact convex set with non-empty interior and by an
n-gon we mean a polygon with at most n sides in the Euclidean plane. We denote the
interior, boundary, convex hull, and area of a disc K by int K, bd K, conv K, and area K,
respectively. Further, let fx (n) denote the maximum area of an n-gon contained in K.
To simplify our notation, we omit the subscript if K is a unit circle. Thus

2

fn) = gsin7

stands for the area of a regular n-gon inscribed in a unit circle.

We consider coverings of a convex hexagon H by congruent copies K, ..., Ky of a
convex disc K . The density of these discs relative to H is definedas Y"1 areak; /areaH.
We say that two convex discs cross if removing their intersection from them each disc
becomes non-connected.

* This work was done at the Mathematical Sciences Research Institute at Berkeley, CA, where the author
was participating in a semester-long program on Discrete and Computational Geometry. The research was also
supported by OTKA Grants T 030012, T 038397, and T 043520.



130 G. Fejes Té6th

According to a theorem of L. Fejes T6th [4], (see also p. 167 in [5]) if N non-crossing
congruent copies of a convex disc K cover a convex hexagon H, then the density of the
discs relative to H is at least

area K /fx (6).

The bound is exact for N = 1. If K is centrally symmetric, then it is also asymptotically
sharp, or in other words, it is sharp for the whole plane.

The assumption that the discs do not cross seems to be superfluous. However, as
examples by Heppes and Wegner show, we cannot simply exclude the possibility that
crossing pairs occur. Wegner [11] constructed for all N > 1 a convex hexagon H and a
convex disc K such that N congruent copies of K cover H but they cannot be rearranged
to obtain a crossing-free covering of H.

The use of crossing pairs in a covering is particularly wasteful if K is close to a circle.
L. Fejes Téth suggested that it might be possible to eliminate the crossing-free condition
at least for “round” convex discs. A first step in this direction was recently achieved by
Heppes [7]. He called ellipses with half-axisa = 1 and 1 > b > by = 0.8561 fat, and
showed that if a convex hexagon is covered by congruent fat ellipses, then the density
of the ellipses relative to the hexagon is at least 277/+/27. Quite against the convention,
here and throughout the paper we use the term ellipse to denote a convex disc, rather
than a curve. Extending the notion of fatness, we say that a convex disc K is r-fat if it
is contained in a unit circle C and contains a concentric circle ¢ of radius . We call the
set C\c containing bd K an annulus associated to K . The common center of the circles
C and c is referred to as the center of K. Our main result is the following

Theorem 1. Let ro = 0.933. If congruent copies of an ro-fat convex disc K cover a
convex hexagon H, then the density of the discs relative to H is at least

area K

fx(©6)

We also weaken a little the fatness condition in Heppes’s result for ellipses:

Theorem 2. Let ri = 0.741. If congruent r\-fat ellipses cover a convex hexagon H,
then the density of the ellipses relative to H is at least

v 2n
£ V27

If a countable system of convex discs covers the whole plane, their density can be
defined by a suitable limit (see, e.g., [6]). Recall that the covering density ¥ (K) of a
convex disc K is defined as the infimum of the densities of all coverings of the whole
plane by congruent copies of K. Before Heppes’s result, besides the trivial examples of
space-fillers, the circle was the only convex body for which @ (K') was known. Theorem 1
implies the following:

Corollary. We have
area K

fx(6)

for all centrally symmetric ry-fat convex discs.

P(K) =
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Principally, this enables us to determine the covering density of all ry-fat convex
discs. Of course, we still face the problem of calculating fx (6), which is a difficult task
in general, but it can be done in special cases. We give some examples in Section 5.

We prove Theorems 1 and 2 in Section 4. Their proof is prepared in the next section
by stating some known results which we shall need in the proof and in Section 3 by
proving a lemma claiming that crossing fat discs are close.

2. Some Auxiliary Results

In this section we gather some known results needed in the proof of Theorems 1 and 2.

Proposition 1 [7]. If E| and E; are ellipses with half-axes a; > by, and ay > by such
that

then E\ and E, do not cross.

The special case when one of the ellipses is a circle is stated on p. 480 in [7]. The
proof of the general case is similar.

Proposition 2 [7]. Let g be a point on the boundary of an ellipse of half-axes a and
b,a > b, let I} be a line touching the ellipse at q and let I, be the line orthogonal to
and containing the center of the ellipse. Then the maximum of the distance from q to [,
isa—b.

This is Lemma 1 in [7] (with the notation slightly changed in order to fit to ours).

Proposition 3 [7], [1]. Let Ky, ..., Ky be convex discs covering a convex hexagon
H. Suppose that no pair of the discs K, ..., Ky cross and no proper subset of them
covers H. Then it is possible to construct convex polygons Dy, ..., Dy with the number
of sides ny, ...,ny such that

D:CK;NH for i=1,...,N,

D; =H,
=1

(int D;) N (int D;) =¥ for i, j=1,...,N, i#],

and

N
i=1
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The construction of polygons with the above properties was described first in [4],
however, the presentation there is very vague. A more thorough treatment can be found
on p. 170 in [5]. A very detailed description of the construction is given in [1]. A more
general statement is proved in [2].

Proposition 4 [10]. We have, for all convex discs K and for all integers n > 3,

area K

fn) = fxn).

b4
For a proof see [10], [6, pp. 36-37], or [9, pp. 14-15].
Proposition 5 [3]. The sequence fx (n) is concave for all convex discs K :
Jk+1) = fx@m) < fx() — fx(n—=1)  for n=4.

See [3], [3, p. 169], [6, pp. 34-35], or [9, pp. 11-13] for a proof.

3. Crossing Fat Discs are Close

Intuitively it is clear that if two fat discs cross, then they are close in some sense. The
following lemma describes this precisely for different types of crossing fat discs.
Lemma.

(1) If two r-fat discs cross, then the distance between their centers is at most

2v1 —r2.

(i) Iftwo ellipses with half-axes ai, by and a,, by (a1 > by, ay > by) cross, then the
distance between their centers is at most

2
\/(al +a — b — b2)2 + <max a; — min bl) .
i=1,2 i=1,2

(iii) Let K be an r-fat disc and let E be an ellipse with half-axes a and b such that
b<a<b’ If K and E cross, then the distance between their centers is at most

\/(a—b—i-my—i-(a—rf.

Part (ii) of the lemma is due to Heppes. The proposition in [7] refers to the special
case whena; = a, = 1 and b; > by, however he actually proves claim (ii) of our lemma.

For the proof of (i) we consider two r-fat discs K| and K, with associated annuli
C;\c; centered at p;, i = 1, 2 (see Fig. 1). We introduce Cartesian coordinates so that
the coordinates of p; and p; are (0, —a) and (0, a), respectively. Suppose that

a>+1-r2 (D
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We shall show that then K| and K, do not cross.
Let

S={x,»—-r<x<r, —a<y<a}

and observe that (1) implies, on one hand, that
(bd K1) N (bd K2) C (Ci1\c1) N (Ca\c2) C S,

and, on the other hand, that bd K| N S is the graph of a concave function f(x) and
bd K, N S is the graph of a convex function g (x). It is then clear that (bd K;) N (bd K3),
if not empty, consists of a single point, of two points, or a line segment. In neither case
can K and K, cross. This settles part (i) of the lemma.

Consider now an r-fat disc K with associated annulus C\c centered at p, and an
ellipse E with half-axes a and b, b < a < b* (see Fig. 2). Since b>/a > 1, Proposition 1
implies that £ and C do not cross. Suppose that K and E cross. Then the set E\K
consists of at least two connected components. As E and C do not cross, one of these
components is contained in C (actually in C\c).

Let M be a connected component of E\K such that M C C. Let ¢; and ¢, be two
points on bd M dividing bd M into two arcs, one of which is contained in bd K and the
other one in bd E. Let [} be the line parallel to g;¢, tangent to bd M N bd E at a point,
say g. Let I, be the line orthogonal to /; through the center of E and let /3 be the line
parallel to /; through p. According to Proposition 2 the distance from g to [, is at most
a — b. The distance from g to I3 is at most /1 — 2, hence the distance between the lines
I, and I3 is at most a — b + /1 — r2. Now (iii) follows by noting that the difference of
the distances of the centers of £ and K from /; is at mosta — r.
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s I,

Fig. 2

4. Proof of the Theorems

We recall that the proof of Theorem 1 in the case when there are no crossing pairs is based
on Proposition 3. The construction mentioned there cannot be carried out if crossings
occur. We shall construct a new, crossing-free covering by successively replacing crossing
pairs by other discs.

Let Ky, ..., Ky be congruent copies of an ry-fat convex disc K covering the hexagon
H . Tt will help to understand some steps in the proofif we recall the proof for the case when
crossings do not occur. Then, considering the polygons D; described in Proposition 3
and using Proposition 5, we have

N N N
area H=") area D; < ) fx(n:) <) (fx(6)+(ni—6)(fx (6)— fx (5)) < Nf« (6),
i=1 i=1 i=1

which is exactly, what we have to prove.
Suppose now that two of the discs, say K; and K, cross. Let C;\¢; with center p; be
an annulus associated to K; (i = 1, 2). According to the lemma, the distance between

p1 and p, is at most 2,/1 — rg.
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Let E; be an ellipse with half-axes

ay=1+/1-r2=1359%8...

and

2
blzr—°<1+&)=1.1695.... )

ai b

Then a congruent copy of E|, placed so that its center is the midpoint of the segment
p1p2 and its longer axis lies on the line p; p,, covers conv(Cy N C,), hence it covers
K, N K,. To see this it is enough to observe that the minimum radius of curvature of E|,

0, =bi/ar = 1.0057...,

is greater than 1. For later reference we note that the maximum radius of curvature of
E 1 is

0, =a’/by=15812....

The choice of a; is natural. We also need the restriction that the minimum radius of
curvature of E is at least 1. Another condition specifying the particular choice of b is
the following. Our goal is to construct a crossing-free covering of H in which a copy
of E; substitutes two copies of K. We apply Proposition 3 to this new covering. If to a
copy of E; a polygon D with n sides is associated, we would like to have that its area
is at most fx (n) + fx (6). This is guaranteed by (2). Indeed, (2), Proposition 4, and the
obvious inequalities f(n) < mw and area K > nrg imply

6
area D < fg,(n) = aiby f(n) = rg f (n) (1 + %) < fe@) + fx(6).

Replacing the discs K| and K, by a congruent copy of E| covering their union we
obtain again a covering of H. We repeat this process until no two discs from the original
covering cross. Of course, it can occur that now two ellipses or an ellipse and one of the
original discs cross. We consider first the latter case.

If a copy of E; and a copy of K cross, then according to part (iii) of the lemma the
distance between their centers is at most

2
\/<a1—b1+ 1—r§> + (ay — ro)? = 0.6964 . .. .

Let E; be an ellipse with half-axes

2
a =1 a1+1+\/<a1—b1+ 1—”§> + (a1 —ro)* | = 1.5281...

and

2
b2=r—0<1+w>=1.5118.... 3)
ay T
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We note that the extreme values of the radius of curvature of E, are
0,=b3/ar =14956... and @, =aj5/by=1.5446... .

As 0, > ai, the union of a unit circle and a circle of radius a; whose centers are at a

distance of \/(al —b1+,/1— rg )2 + (a; — ro)? apart can be covered by a congruent

copy of E,. Therefore, the union of a crossing pair of copies of E; and K can be covered
by a copy of E;. Using this, we successively eliminate all such crossing pairs by replacing
them by an appropriate copy of E,.

In the covering obtained thus, four different types of crossings can occur: Two copies
of E; or two copies of E;, as well as a copy of E| and a copy of E; can cross. Finally,
a copy of E, and a copy of K can cross. Using the lemma and considerations similar to
the above, one can see that the union of any of these types of crossing pairs of discs can
be covered by a circle of radius

Re=ro 1+ 2@ _ 1407 )
T

We continue to replace all crossing pairs of the system by circles of radius R. We
end up with a covering of H consisting of four types of discs, in which, as can be easily
checked, crossings can occur only among an ry-fat disc from the original covering and a
circle of radius R. If such a crossing occurs, say a copy of K with associated annulus C\c
centered at p and a circle C of radius R centered at q cross, then the distance between
p and ¢q is at most

d= 1= 13+ (R —ro)* = 0.8842.....

An easy computation shows that then the length of the common chord of C and C is
at most

1
3\/4R2d2 —(R2+d>—1)>=1.4168... < 2r

and, moreover, C contains the greater of the two segments of C determined by this
common chord. Thus C\C can be covered by a circle of radius ry. Now, in our covering
whenever a circle of radius R and a copy of K cross, we discard the latter and introduce
a circle of radius r( to cover the part of the discarded copy of K that was left uncovered
by the circle of radius R.

A circle of radius r( introduced thus cannot cross an ellipse or a circle. Still, it can
occur that such a circle and one of the original discs cross. We observe that a circle of
radius ry is itself an ry-fat disc, therefore the union of such a crossing pair can be covered
by a congruent copy of E, and we can start doing the whole procedure over again. Since
the number of the original discs decreases in each cycle, the procedure ends in finitely
many steps.

The final result of the procedure is a new covering of H consisting of, besides some
of the original discs, ellipses congruent to E| or E,, as well as of circles of radius ry and
R. It might occur that one of these discs is contained in the union of the others. If this
happens, we discard it.
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As the new covering is crossing-free, we can now apply Proposition 3 to them. Let
Dllv ey DIN]’ D21, ey DZNZ’ D31, ey D3N3, D41, ey D4N4, and D51, ey D5N5 be
the polygons associated to the original discs, the circles of radius ry, the ellipses congruent
to E|, the ellipses congruent to E,, and the circles of radius R, respectively. Denoting
by n;j, 1 <i < N;, 1 < j <5, the number of sides of D;; we have

nij 5621\’5- )

1 i=1

5
i=

N;
1 j=
‘We note that ultimately in the new covering a copy of E; replaces two original discs,

a copy of E, replaces three copies of K, and, finally a circle of radius R replaces at least
four discs from the original covering. Hence,

Ny + Ny +2N3 +3N4s+4Ns < N. (6)

Our next goal is to give upper bounds for the areas of polygons contained in different
types of discs. We have, by definition,

areaDljffK(nlj) for 1§J§Nl 7

Obviously, area K > rgn, hence in view of Proposition 4
r3fn) < fr(n). ®)
Therefore
area Dyj < 1l f(nyj) < fx(na;)  for 1< j<N,. )
Further, it follows from (2), (3), (4), (8), and the obvious inequality f(n) < 7, that
area D3; < fg (n3;) = a1b) f (n3;) < fx(n3;) + fx(6) for 1<j<Ns3, (10)
area Dy; < fg,(n4j) = asbr f (n4;) < fx(naj) +2fx(6) for 1<j=<Ny, (11)
and
area Ds; < R>f(ns;) < fx(ns;) + fx(6) for 1<j<Ns. (12)
Inequalities (7), (9), (10), (11), and (12) imply that

N,' Ni

area H <Y Y areaDi; < » > fr(nyj) + (N3 + 2Ny +3Ns) fx (6).  (13)

i=1 j=1 i=1 j=1

By Proposition 5 and inequality (5) it follows that

Ni

5
fr(nij) <D Ni fx (6). (14)

i=1 j=1 i=1
Combining (13) and (14) and taking into account (6) we get
area H < Nfg(6).

Multiplying both sides by area K and rearranging we get the claim of Theorem 1. O
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The proof of Theorem 2 is similar. We introduce two ellipses and a circle. In their
definition the function

_kf®) + (n—-6)(f(6) — f(5)

glk,n) = 7o) , 15)
defined for integers k > 1 and n > 3, plays an important role. It is easy to check that
r;1>i§1g(2, n)=g2,7)=19745..., (16)
I’?Ziglg(& n)=g@3,8) =29115..., 17)
and
r’?zi?g(4, n)=g4,9 =3.8214.... (18)

Let E; be an ellipse with half-axes

5
a1=1+‘/7_(1—r1)=1.2895...

and
b="e2,7)=1.1374.. .. (19)
al

Let E; be an ellipse with half-axes

a=1 (1 ta+vVA+a—r—b)? + (@ —r1)2) —1.4875...
and
by = L g(3,8) = 1.4503 ... . (20)
as
Finally, let E be a circle of radius
R=rg4,9 =16827.... 21
We note that the extreme values of the radius of curvature of E; are
0, =bi/ay=1.0032... and g, =aj/b; =14620...
and those for E, are
0,=b3/ar=14140... and @, =a;/by =1.5257....

Let E be an r-fat ellipse with half-axes 1 and b, r; < b < 1. Using the lemma it can
be checked that if two congruent copies of E cross, then their union can be covered by a
copy of Ej, and if a copy of E and a copy of E; cross, then their union can be covered
by a copy of Ej,. Further, if any two copies of E, E|, or E; cross, then their union can
be covered by a copy of Ej3.
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Consider now N congruent copies of E covering a convex hexagon H. We construct
a new, crossing-free covering of H consisting of congruent copies of E, E|, E,, and
E5 as follows. We start by replacing step-by-step all crossing pairs of copies of E by
appropriate copies of E; covering their union. We continue by successively replacing
all crossing pairs of a copy of E and a copy of E; by appropriate copies of E,. If there
are still crossing pairs of ellipses in the covering, we replace them, again step-by-step,
by copies of E3. Since R is greater than the maximum radius of curvature of any of the
ellipses E, E|, or E;, no copy of E3 can cross a copy of these ellipses. Thus, the resulting
system is crossing-free. Finally, we reduce the covering by discarding any disc which is
contained in the union of some others.

To the resulting covering of H, consider the convex polygons described in Propo-
sition 3. Let Dqq, ..., DlN], Dy, ..., DZNZ, Dsq, ..., D3N3, and Dy, ..., D4N4 be the
polygons associated to the copies of E, E;, E», and Ej, respectively. Denoting by 7;;,
1 <i < Nj, 1 <j <4, the number of sides of D;; we have

>

j=1i

<

nij < 6 Nj. 22)
1 i=1

N:
The construction of the new covering readily implies that

Ni +2N» +3N3+4N4s < N. (23)

We continue to give upper bounds for the areas of the polygons D;;. The definition
of fr(n), together with Proposition 4, yields that

area Dy; < fp(nyj) < fe(6) + (n1; —6)(fe(6) — f£(5)) for 1<j=<N;. (24
Using relations (15)—(21) we get

area Dy < fg (ny;) = a1b f(ny;) =r1f(n2))g(2,7) < bf(nz;)g(2, n2j)

= 2fg(6) + (n2; — 6)(f£(6) — f£(5) for 1<j<Ny (25
area D3; < fg,(n3;) = axby f(n3;) = r1 f(n3;)g(3,8) < bf(n3;)g(3, n3;)
= 3fg(6) + (n3; — 6)(f£(6) — fE(5)) for 1<j=<N; (20

and

areaDy; < fg,(n4j) = sz(n4j) =r1f(n4))g4,9) < bf(nys;)g4, naj)
= 4fp(6) + (na; — 6)(f£(6) — fE(5)) for 1<j=<Ns (27

The combination of inequalities (22)—(27) readily yields

i

4 N; 4 N;
area H=) Y area Dy < fp(6)) Y j+(fe(®)—fe(5)Y Y (n;;—6)<Nf&(6).

i=1 j=1 j=I i=l j=i j=1

This completes the proof of Theorem 2. |
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5. Remarks

In our theorems we gave ry and r; to three decimals. In fact, these are rounded up values
of the solutions of the equations

2 3
<1+$) rg=<1+ 1—r§>

3
(g2, D) = (1 + ?(1 —n)) ,

respectively, with which the theorems still hold. More accurate values are

and

ro = 0.93242333... and r; =0.74039619....

The fatness condition in Theorem 1 can be weakened a little further. It is easy to
see that the bound for the distance of the centers of crossing r-fat discs in part (i) of
the lemma is best possible. However, it can also be seen that if two congruent copies
of an r-fat disc K cross and the distance between their centers is d < 2+4/1 — r2, then
areaK >rd/2 + r2(w — arctan(d /2r)). In the proof of Theorem 1 we used the lower
bound nrg for area K. Using instead the information above, we can show that the density
bound of Theorem 1 holds for 0.93125458-fat convex discs. We omit the proof, since it
is more involved and the improvement it gives is very slight.

Let P, denote a regular n-gon inscribed in a unit circle. P, is ro-fat for n > 9. The
regular octagon Pg is not ro-fat, and it misses the fatness-bound 0.93125458, as well.
However, repeating the argument of the proof of Theorem 1 and taking into account that
the area of Pg is considerably greater than the area of the circle inscribed into it, we can
see that the density-bound of the theorem holds for Pg without the assumption that the
octagons do not cross. It is easy to find the hexagon of maximum area contained in P,.
Its vertices are vertices of P, and the difference between the lengths of its sides is as
small as possible under this condition. Using this we get that

_ k sin(r /3k)
P (Po) = sin(7r/3)
and
(P 3k £ 1) sin(r/(Gk £ 1))
(Porar2) = 2sin(km/(3k £ 1)) + sin((k £ D)/(3k + 1))
forall k > 1.

Mount and Silverman [8] gave an algorithm which determines the value of fx (6) in
O (n) time if K is a convex n-gon. Their algorithm can now be applied to determine the
covering density of a centrally symmetric ro-fat n-gon in O (n) time.

Finally we note, that using the method developed by Boroczky Jr. in [2], a slight
modification of our proof yields that the bounds for the density in Theorems 1 and 2 hold
if H is an arbitrary convex disc, provided that the number of discs is sufficiently large.



Covering with Fat Convex Discs 141

References

1. Bambah, R. P, and Rogers, C. A., Covering the plane with convex sets, J. London Math. Soc., 27 (1952),
304-314.
2. Boroczky, K. Jr, Finite packing and covering by congruent convex domains, Discrete Comput. Geom., 30
(2003), 185-193.
3. Dowker, C. H., On minimum circumscribed polygons, Bull. Amer. Math. Soc., 50 (1944), 120-122.
4. Fejes T6th, L., Some packing and covering theorems, Acta Sci. Math. Szeged, 12/A (1950), 62-67.
5. Fejes Téth, L., Regular Figures, Pergamon Press, Oxford, 1964.
6. Fejes Toth, L., Lagerungen in der Ebene, auf der Kugel und im Raum, 2nd edition, Springer-Verlag, Berlin,
1972.
7. Heppes, A., Covering the plane with fat ellipses without the non-crossing assumption, Discrete Comput.
Geom., 29 (2003), 477-481.
8. Mount, D. M., and Silverman, R., Packing and covering the plane with translates of a convex polygon,
J. Algorithms, 11 (1990), 564-580.
9. Pach, J., and Agarwal, P.K., Combinatorial Geometry, Wiley, New York, 1995
10. Sas, E., Ona certain extremum-property of the ellipse (in Hungarian), Mat. Fiz. Lapok, 48 (1941), 533-542.
11. Wegner, G., Zu einem ebenen Uberdeckungsproblem, Studia Sci. Math. Hungar., 15 (1980), 287-297.

Received December 17, 2003, and in revised form July 22, 2004, Online publication January 21, 2005.



