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ABSTRACT: The discovery of the Higgs boson has opened a new window to test the SM
through the measurements of its couplings. Of particular interest is the measured Higgs
coupling to photons which arises in the SM at the one-loop level, and can then be signifi-
cantly affected by new physics. We calculate the one-loop renormalization of the dimension-
six operators relevant for h — ~v,vZ, which can be potentially important since it could,
in principle, give log-enhanced contributions from operator mixing. We find however that
there is no mixing from any current-current operator that could lead to this log-enhanced
effect. We show how the right choice of operator basis can make this calculation simple. We
then conclude that h — vv,vZ can only be affected by RG mixing from operators whose
Wilson coefficients are expected to be of one-loop size, among them fermion dipole-moment
operators which we have also included.
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1 Introduction

The discovery by the LHC [1, 2] of the long-sought Higgs boson is a landmark in our quest
for understanding the mechanism of electroweak symmetry breaking, which is now open to
experimental scrutiny. It is important to measure with precision the Higgs couplings not
only to put the Standard Model (SM) to yet another test, but also because one generically
expects deviations from the SM values in most extensions of the SM, particularly those
that address the hierarchy problem. Among all experimentally accessible couplings, the
Higgs coupling to two photons is particularly interesting. It has played a central role in the
Higgs discovery and, as it arises in the SM at one-loop level, it can be significantly affected
by new physics. Furthermore, there are tantalizing experimental hints of deviations of the
h — ~v rate from SM expectations [1, 2]. Another related and interesting Higgs-decay is
h — ~vZ, which is also induced at the one-loop level in the SM, and will be accessible in
the near future.

New-physics effects on SM Higgs decays can be systematically studied by means of
higher-dimensional operators. This approach is valid whenever the new-physics mass-
scale A is much heavier than the Higgs mass my, a condition that recent LHC searches
seem to suggest. The purpose of this article is to calculate the renormalization group
equations (RGEs) for the dimension-six operators responsible for h — vv,~vZ at the one-
loop level. Our main interest is to look for log-enhanced contributions coming from operator



mixings. Particularly interesting are those contributions that could arise from mixings with
operators induced at tree-level by the theory at high-energies. These can potentially give
corrections to the hyy and hyZ couplings of order ~ g%v?log(A/my,)/(1672A%) where gy
is the coupling of the Higgs to the heavy sector and v is the Fermi scale.

Recently, ref. [3] has argued that these type of contributions could in fact be present
for a general class of models as, for example, those in ref. [5], although the result was based
on a calculation that included only a partial list of operators and not the complete basis
set. We show however that such corrections are not present. The right choice of operator
basis is crucial to make the calculation of the anomalous dimensions simple. We work in a
basis where the dimension-six operators are classified according to the expected size of their
Wilson coefficients. We mainly consider two groups: those operators that can be written
as scalar or vector current-current operators (and could therefore arise at the tree-level by
the interchange of heavy fields), and the rest, expected to be induced at the one-loop level.
By working in this basis, we show that none of the current-current operators affects the
running of any one-loop operator. This is not a surprising result, as it is already known
to happen in other situations. For example, the magnetic moment operator responsible
for b — sv does not receive log-contributions from current-current quark operators at the
one-loop level [4].

We also show how to reconcile our conclusion with the results of [3] by completing
the calculation done in the basis used in that analysis. Furthermore, we use the results
of ref. [3] to calculate the complete leading-log corrections to the operators responsible for
h — ~vv and h — vZ. This is only affected by Wilson coefficients of one-loop operators,
and therefore these effects are not expected to be very large. Finally, we also extend the
calculation to include mixing with fermion dipole-moment operators.

2 Dimension-six operator basis

Whenever the mass-scale of new physics A is larger than the relevant energy-scale involved
in a SM process, we can parametrize all new-physics effects by higher-dimensional local
operators made from an expansion in

D, guH gfL,RfLaR 9b

T ) A ) A3/2 ) A2 . (21)

We denote by D, the covariant derivatives, gy and gy, , respectively account for the
couplings of the Higgs-doublet field H and SM fermion fr r to the new heavy sector,
while g and F),, are the SM gauge couplings and field-strengths. At leading order in
this expansion, and assuming lepton number is conserved, the dominant operators are of
dimension six. It is very important to choose the right set of independent dimension-six
operators that defines a complete basis. A suitable basis is one which can capture in
a simple way the impact of different new-physics scenarios. Since usually a given new-
physics scenario only generates a sub-class of operators, it is convenient to choose a basis
that does not mix these sub-classes, at least for the most interesting scenarios. Another
important requirement for the basis is that it should not mix operators whose coefficients



are naturally expected to have very different sizes. For example, tree-level operators, that
can be induced in weakly-coupled renormalizable theories, should be kept separate from
one-loop induced ones. As already said, this is also important since, at the one-loop level,
it is frequently found that tree-level induced operators do not contribute to the RG flow of
one-loop induced ones.

Let us start considering only operators made of SM bosons. These can be induced from
integrating out heavy states in ”universal theories”, those whose fields only couple to the
bosonic sector of the SM. (A generalization including SM fermions will be given later.) The
appropriate basis was defined in ref. [5] and in it we can broadly distinguish three classes
of operators. The first two classes consist of operators that can in principle be generated
at tree-level when integrating out heavy states with spin < 1 under the assumption of
minimal-coupling as defined in ref. [5] (or, alternatively, induced at tree-level from weakly-
coupled renormalizable theories). The operators of the first class are those that involve
extra powers of Higgs fields, and are expected to be suppressed by g% /A?. Since gy can be
as large as ~ 4m, the effects of these operators can dominate over the rest. The operators of
the second class involve extra (covariant) derivatives or gauge-field strengths and, according
to eq. (2.1), are generically suppressed by 1/A?. Finally, in the third class, we consider
operators that, in minimally-coupled theories, can only be induced at the one-loop level.
These operators are expected to be suppressed by g% /(167?A?), although they could be
further suppressed by an extra factor g%/ 91%1 if the external fields are gauge bosons.

We can then classify the dimension-six operators as
9 Ci ci Ki
L = ZgHﬁOil +ZA—§O +Zﬁ(9i3, (2.2)
21 12 13

where for notational convenience we introduce for the third type of operators the one-loop

suppressed coefficients
2

9
Rig = F;Igcis . (2.3)

All coefficients ¢; are of order ¢; ~ O(1) x f(g/gm,...) S O(1), with f(g/gm,...) a function
that depends only on ratios of couplings and is not expected to be larger than order one.
In the first class of operators, O;,, suppressed by g%{ /A%, we have!

1 1 <~ 2
On = 5(@"HF)* . Or=3 (HTDuH> . O, = HPDHP | Og=NH". (24)

Here we have defined HTEMH = H'D,H — (D,H)'H, with D,H = 0,H —igo®WS;H/2 —
ig’ B, H /2, the standard covariant derivative (our Higgs doublet, H = (G*, (h+iG°)/v/2)T,
has hypercharge Y = 1/2). Finally, A is the Higgs quartic coupling in the SM potential,
V =m?|H|? + A H|*. By means of the redefinition H — H[l — ¢,.g%|H|?/(2A?)] we could
trade the operator O, with [5]

Oy = |H[? [yuQLf:IUR +yaQrHdR + le/LHlR] ; (2.5)

In Os we have replaced a factor g% by a factor )\, the Higgs self-coupling, as this is what appears
in theories in which the Higgs is protected by a symmetry. Similarly, for operators involving frfrH we
include a Yukawa coupling, as in (2.5).



where sum over all families is understood, and H = ic?H*. Here Yy are Yukawa couplings,
normalized as usual, with m; = y;v/v/2 and v = (h) = 246 GeV.
In the second class of operators, O;,, suppressed by 1/A?, we have?
_ ig t _a H,u Vg a — ig/ T Hﬂ oY
Ow—g(HO' D'H)D"W,,, (’)B—?(H DMH)0" B, ,
1 1
Ogw = —5(D'WE,)% Osp = =5(0"Bw)” Osi = =5 (D"G,)*
(2.6)

N | =

The easiest way to see that the operators of eq. (2.4) and eq. (2.6) can be generated at tree-
level is to realize that they can be written as products of vector and scalar currents [5, 6].
For example, Or = (1/2)Jy"Ju,,, where Jy" = HTE)“H, could arise from integrating out
a massive vector. We will refer to the operators (2.4) and (2.6) as ”current-current” or
"tree-level” operators.

In the third class of operators, O;,, suppressed by an extra loop factor, we have the
CP-even operators

Opp = ¢*|H|*B,, B" | Oca = g:|H[’GS, G | (2.7)
Onw = ig(D*H) o (D" H)W}, Oup = ig (D*H)"(D"H)B,, (2.8)
Osw = geape W "W, WPk | O3 = gs farcGLY GL, GO (2.9)
and the CP-odd operators
Opp = /2‘H‘QBWEW , Ocg = QE‘HPGZV@&W’ (2.10)
O = ig(D'H) o (D" H)WS, O,z =1i¢ (D"H)(D"H)B,, (2.11)
Ot = geare WL WE,WePr Oui = Gs fabe GV GY,GEP1 (2.12)

where FH = ¢ivpo [ vo/2. We will refer to these operators as ”one-loop suppressed” oper-
ators.

We emphasize again that the above classification is useful even when one is not working
under the minimally-coupled assumption of ref. [5]. When studying the RGEs of these
operators, we will find that, at leading order, current-current operators do not affect the RG
running of one-loop suppressed operators (irrespective of their UV origin). Furthermore,
the above classification can also be useful to parametrize the effects of strongly-coupled
models. In particular, if the Higgs is part of the composite meson states, taking gg ~ 4w
gives the correct power counting for strongly-coupled theories with no small parameters.
One finds in this case that operators of the first class are the most relevant, while operators
of the second and third class have the same 1/A? suppression. Also the basis is suited
for characterizing holographic descriptions of strongly-coupled models [5]. In this case
g ~ 4r/ V/N, where N plays the role of the number of colors of the strong-interaction,
and then operators of the first and second class are less suppressed than operators of the
third class.

? The operator O4x = |DH|? can be eliminated by a field redefinition of H. See appendix for details.



3 Non-renormalization of h — ~~,~vZ from current-current operators

The operator basis introduced in the previous section is particularly well-suited to describe
new-physics contributions to h — 7, which come only from two operators: the CP-even
Opp and the CP-odd O 5. On the other hand, & — vZ comes (on-shell) from Opp, Ogs,
Opw and their CP-odd counterparts. The relevant Lagrangian terms for such decays are

62 ad
OLopy = 53 o W2 Fyu ™ + b B2 Fu V|

eG v v
6Lz = 535 (07 2B 2 1 W2 2| (3.1)

where e = g¢’' /G and G? = gQJrg The photon field, A, = ¢y u*SwW has field-strength
FE,,, while Z, = CoW? — swB,, has field-strength Z,,,, where we use s,, = sinf,, = J/G

m
and ¢, = cosby, = g/G. We have

1
Kyy = KBB, Kyz = E(KHB — KHW) — 2812UHBB’
1 2
fiy = hipp, Kz = (Kyp — Rp) = 25ukpg - (3.2)

The Wilson coefficients of these dimension-six operators are generated at the scale A, at
which the heavy new physics is integrated out, and they should be renormalized down to
the Higgs mass, at which they are measured in Higgs decays. Let us focus for simplicity on
K~vy, as similar considerations will be applicable to x5, k+z, K.z At one-loop leading-log
order one has, running from A to the Higgs mass my:

A
Ry (M) = Fiyy (A) — 74 log my (3.3)

Here, vy, = dkyy/dlog p1, with p the energy scale, is the one-loop anomalous dimension
for k.. In principle, v,, can depend on the Wilson coefficients of any dimension-six
operator in eq. (2.2). A particularly interesting case would be if the RGEs were to mix
the tree-level operators into the RG evolution of one-loop suppressed operators, such as
Opp. In that case we would expect vy ~ g%/(16m%) from mixings with the operators of
eq. (2.4), or vy ~ ¢g*/(167%) from mixings with (2.6). Such loop effect could give a sizeable
contribution to k- (my,), logarithmically enhanced by a factor log A /my,. The initial value
ky(A), expected to be one-loop suppressed, would then be subleading.

Remarkably, and this is our main result, there is no mixing from tree-level opera-
tors (2.4)—(2.6) to one-loop suppressed operators (2.7)—(2.12), at least at the one-loop
level. This can be easily shown for the renormalization of k... The argument goes as
follows. Let us first consider the effects of the first-class operators, eq. (2.4). Since these
operators have four or more H, their contribution to the renormalization of ., can only
arise from a loop of the electrically-charged G* with at least one photon attached to the
loop. However,

e (g has too many Higgs legs to contribute.



e Oy is simply 9,(h* + G + 2GTG)9*(h* + G% + 2GTG7)/8 and this momentum
structure implies that a GT loop can only give a contribution o ayh2, which is not
the Higgs momentum structure of eq. (3.1).

e Op does not contain a vertex h2GTG™.

e O, can be traded with O,, which clearly can only give one-loop contributions to
operators oc |[H|?H, so it only contributes to the RGE of itself and Og.

We conclude that there is no contribution from these operators to the RGE of x,,. To gen-
eralise the proof that no operator in (2.4) contributes to the one-loop anomalous-dimension
of any operator in (2.7)-(2.9),% we have calculated explicitly the one-loop operator-mixing.
We find that the only operators involving two Higgs and gauge bosons that can be affected
by (2.4) are the tree-level operators (2.6). The result is given in section 4.

For the operators of eq. (2.6), proving the absence of one-loop contributions to the
anomalous dimension of (2.7)-(2.9) is even simpler. By means of field redefinitions, as
those given in the appendix, or, equivalently, by using the equations of motion,* we can
trade the operators (2.6) with operators of eq. (2.4), four-fermion operators and operators

of the type

ol = (i H'D,H)(Far" fr),
of = (H'D,H)(fir"f1),
(9{(3) = (i HTUGSMH)(fLVMUafL) . (3.4)

Now, four-fermion operators contain too many fermion legs to contribute to operators made
only of SM bosons. Concerning the operators of eq. (3.4), after closing the fermion legs
in a loop, it is clear that they can only give contributions to operators with the Higgs
structure H TISLH or H TcraiiLH , corresponding to the tree-level operators (2.6). This
completes the proof that no current-current operator contributes to the running of any
one-loop suppressed operator.

The calculation above could have also been done in other operator bases. To keep the
calculation simple, it is crucial to work in bases that do not mix current-current operators
with one-loop suppressed ones. This is guaranteed if we change basis by means of SM-field
redefinitions, as shown in the appendix. We can make use of these field-redefinitions to
work in bases that contain only 3 operators made of bosons, the rest consisting of operators
involving fermions, such as those in eq. (2.5), eq. (3.4) or 4-fermion operators. There are
different options in choosing these 3 operators; what is physically relevant are the 3 (shift-
invariant) combinations of coefficients in eq. (A.3). This freedom can be used to select the
set of 3 operators most convenient to prove, in the simplest way, that their contribution
to the running of k,, and Kz, is zero at the one-loop level. For example, we could have

3Obviously, their contribution to the CP-odd operators (2.10)-(2.12) is zero as the SM gauge-boson
couplings conserve CP.
> _ > _ _
“That is, 2D* W, = igH'0° Dy H+gfroy, fr and 8" By, = ig' H' Dy H/2+9'Y{ fryu fr+9' Y3 frvu fr,
where YLf’ r are the fermion hypercharges and a sum over fermions is understood.



chosen Osp instead of Op: since Osp only affects the propagator of the neutral state B*,
one can easily see that it cannot contribute to the hyy or hyZ coupling.

Let us finally mention that there is an alternative way to see that the running of x.,
is not affected at the one-loop level by tree-level operators. This corresponds to showing
that any heavy charged state of mass M, coupled to photons only through the covariant
derivative, gives at the one-loop level a contribution to the effective hyvy coupling that does
not contain terms like log M /my, (which in the effective theory below M are interpreted
as the running from M to my). We can easily show the absence of such logarithms by
working in the limit M > mj, where we can use low-energy theorems [7] to relate the hyy
coupling to the two-point function of the photon. At the one-loop level we have

Kyy(p) 10 1

A2 v Oh Zg(p,h) |,

(3.5)

where eqq(p, h) is the effective electric coupling calculated in a nonzero Higgs background:

S S
e2g(p, h)  e*(Auv)

with b, ; being respectively the beta-function of the gauge coupling above and below M (h),

M(h b
log (h) b 1

1 3.6
1672 % Aoy 1672 S M(h) (36)

the mass of the heavy state in the Higgs background. From eq. (3.5) and eq. (3.6) we have

=0, (3.7)

A2 d {(bb —by) 8M(h)]
h=v

T 1672 dlogp | 4vM(h)  Oh

due to the fact that b, ; are independent of i at the one-loop level. Simply put, a heavy
charged particle with mass M contributes to the running of the photon two-point function
through a loop which only contains that particle itself, and therefore no log-terms involving
the light-state masses are possible.

4 The importance of the choice of basis

The relevance of the possible contributions from tree-level operators to the one-loop RGE
of K,y and K,z has been highlighted recently in ref. [3]. In fact, that analysis claims that
such important effect could actually occur, in contradiction with the results presented in
the previous section. In this section we show how this contradiction is resolved.

The analysis in ref. [3], GIMT in what follows, focuses on a subset of dimension-six
operators, chosen to be Ogp and the two operators

Owsp = g9 (H'o"H)W,B" | Oww = g*|H[*WS,W* (4.1)

which are not included in the basis we have used. The relation to our basis follows from
the two operator identities:

1 1
Op =0Oup + ZOWB + ZOBB ; (4.2)

1 1
Ow = Ogw + ZOWW + EOWB , (4.3)



which allow us to remove Oww and Oy p in favor of Op and Oy. The two operators
Opw and Ogp were also mentioned in ref. [3], although their effect was not included in
the analysis. To understand the issues involved it will be sufficient to limit the operator
basis to five operators, with the two bases used being

By = {OBB,OB,Ow,OHw,OHB}, (this Work) (4.4)
By = {Opp, Oww,Owp,Onw,Oup}, (GIMT).

In relating both bases we will use primed Wilson coefficients for the GJMT basis
c
Lo=) 450, (4.6)
i
and the dictionary to translate between By and By is:

KHW = Cw — 4w

kHB = Cyp + 4w — i)

KBB = Cpp + Cww — Cwg
cw = 4w

cg = 4(cwp — cww)- (4.7)

From these relations we can directly write the expressions for ., and x,z going from (3.2)
to the GJIMT basis:

/ / /
Kyy = CBB T Cww — CwB>
1
_ 2/ 2/ 2 2N\ ./ / /
Kz = 2C,Cyw — 28,Cpp — (Cy — Sw)Cwp + Z(CHB — pw) - (4.8)

Let us first note that the operator identities (4.2) and (4.3) show that two operators
of the GIJMT basis, Oww and Oy g, are a mixture of tree-level operators and one-loop
suppressed ones of basis By. This has the following drawback. Let us suppose that the op-
erator Oy is generated, for example, by integrating out a heavy SU(2)-triplet gauge boson
(see e.g. [6]). This operator can be written in the GJMT basis by using the identity (4.3),
but then the coefficients of the operators Oww, Owp and Onw generated in this way
will all be correlated. In this particular example, we will have ¢y = clyp = /4
This is telling us that when using the GJMT basis to study the physical impact of this
scenario we must include the effects of all operators, and not only a partial list of them,
as done in ref. [3]. Otherwise, one can miss contributions of the same size that could lead
to cancellations. The same argument goes through for scenarios generating the tree-level
operator Op. In general, the correlation of the coefficients in the GJMT basis is explicitly



shown in the reversed dictionary:

, 1
‘ww = ZCWa
, 1
wp = Z(CB +cw),
, 1
Cpp = ZCB + KBB,
Saw = cw + KHw ,
c}IB =cp+Kkyp - (4.9)

Obviously, physics does not depend on what basis is used, which is a matter of choice, as
long as the full calculation is done in both bases. Reducing, however, the calculations to
a few operators in a given basis can be dangerous as this can leave out important effects.
This is especially true in bases whose operators are a mixture of operators with Wilson
coefficients of different sizes. For this reason the basis Bj is preferable to Bs.

To explicitly show how this correlation between Wilson coefficients can lead to cancel-
lations in the final result, let us consider a particularly simple example: the calculation of
the radiative corrections to the operators Oww, Ogg and Ow g proportional to A. This
is partly given in the analysis of [3], apparently showing a one-loop mixing from tree-level
operators to one-loop suppressed ones. As obtained in [3], the A-dependent piece of the
anomalous-dimension matrix for ¢z 5, ¢y, g 1s given by

. [ e (120 0 [
- = — 0 12X 0 cee 4.10
dlog i CYVW 1672 CI,/VW * (4.10)
CwB 0 0 4 CwB

From (4.8), one obtains the RGE

_dRyy 4N
T = dlogp 1672

3Ky + 2¢lyg) + -, (4.11)

showing explicitly that the coefficient ¢};, 5, which can be of tree-level size in the GIMT basis
[see (4.9)], affects the running of the one-loop suppressed k.. This apparent contradiction
with our previous result is, as expected, resolved by adding the effect of the operators Opw
and Ogp in the renormalization of k... We obtain the (A-dependent) contributions

ddgp _3A y deiyw _ o 3A y deyy g A
dlog 1672 1B dlog p 1672 W7 dlogp 1672

which change the RGE (4.11) into

(up + aw), (4.12)

2\
Yyy = 1672 (6'%77 + 4C%/VB - C/HB - C/HW) : (4.13)

These additional contributions eliminate the possibly sizeable tree-level correction from

¢ - Indeed, using (4.9), we explicitly see that the contributions proportional to ¢y and

cp cancel out, giving
2\
’Y"}/’Y == W(GKJV'}/ — KHB — HHW) , (414)



leaving behind just corrections from one-loop suppressed operators. This is not an accident:
this cancellation was expected from our discussion in the previous section. Beyond the A-
dependent terms we have examined, the same cancellation will necessarily occur for the
rest of the potentially sizeable contributions to 7, identified in [3].

5 Renormalization group equation for k., and K,5

In this section we use the results of ref. [3], combined with our results in section 3, to obtain
Yy~ Let us write the RGEs for the Wilson coefficients in basis Bs in a compact way as

5

dc’
2 ) _2 : /)
1om dlog p it oy
j=1

The b;’ ; is a 5 x 5 anomalous-dimension matrix of which the 3 x 3 submatrix corresponding
tod,j = 1—3 (that is, ¢z, ¢y ¢y ) Was calculated in [3], while the rest is unknown.
From k. = 2?21 Gic; where ¢; = (1,1,—1,0,0), we have

5
1672, = Z Gibi ;¢ . (5.2)
ij=1

Using eq. (4.9), we can translate this anomalous dimension to our basis. We get

5
1675y = Y _ GV, pprBs + Y, gwraw + U gpros) (5.3)
i=1
1 g 1
TCB Z CGbiwp + b pp + 40 yp) + i Z Gbww + biwp + 45 gw) -
i=1 i=1

From our discussion in section 2, we know that the tree-level coefficients cp and ¢y do not
appear in this RGE. This means that the two last terms of eq. (5.3) must be zero, allowing
us to extract the sum of the unknown coefficients b; g and b;j w in terms of coefficients
calculated in ref. [3]:

5 5 5 5
1 1
E Gibimp = 1 E Gi(biws + b 8B, E Cibgw = 1 E GOww + Y wg). (5.4)
i=1 i=1 i=1 i=1

Notice that (4 = (5 = 0 is crucial to allow us to restrict the sums in the right-hand-side to
terms that were already calculated in [3]. Plugging the terms (5.4) back in (5.3), one gets

5
1 1
1677, = D G [b;,BBKBB - z(bé,WB + U ww)Eaw — 1(52,33 + b;,WB)’iHB] - (5.5)
i=1

Using the coefficients ] .y, b; g and b gy from [3], one arrives at

3 3
167‘(’2’y,y,y = |:6y§ — 5(392 + g/2) + 12)\:| KBB + |:292 — 2)\:| (FLHW + IiHB) . (56)

,10,



This expression gives the one-loop leading-log correction to £~ (mp). For the resummation
of the log terms we would need the full anomalous-dimension matrix. Nevertheless, this is
not needed for A ~ TeV since the log-terms are not very large.

The size of the contributions of eq. (5.6) to ky(my) is expected to be of two-loop
order in minimally-coupled theories. Therefore, we have to keep in mind that the tree-level
operators of eq. (2.4), possibly entering in the RGE of k-, at the two-loop level, could give
corrections of the same order. For strongly-coupled theories in which g ~ 4w, we could
have k; ~ O(1), and the corrections from eq. (5.6) to h — v could be of one-loop size.
Of course, in principle, the initial values x;(A) will give, as eq. (3.2) shows, the dominant
contribution to h — yv,vZ and not eq. (5.6). Nevertheless, it could well be the case that
lkpp(A)] < 1 and |kgp(A) — kgw(A)| < 1 due to symmetries of the new-physics sector.
For example, if the Higgs is a pseudo-Goldstone boson arising from a new strong-sector,
kpp(A) is protected by a shift symmetry and can only be generated by loops involving SM
couplings, while kyp(A) = kpw(A) ~ g% /(1672) if the strong sector has an accidental
custodial O(4) symmetry® [5]. In this case eq. (5.6) could give the main correction to the
SM decay h — v and could be as large as AFW/FEE\Y/I ~ g*v?/A?1log(A/my) if gy ~ 4.
Notice also that there can be finite one-loop corrections to k- (my) from the operators (2.4)
and (2.6) which can dominate over those in eq. (5.6). These were calculated in ref. [5].

A similar analysis can be performed for .5, with the simplification that the operator
identities corresponding to egs. (4.2) and (4.3) are, for the dual field strengths:

1 1

OH§+ZOW§+ZOB§ =0, (5.7)
1 1

OHW + ZOWW + EOWE =0, (5.8)

due to the Bianchi identity. The above equations do not mix tree and loop generated

operators; hence, from the calculation of [3] with the set {O Oy ) one can

B85 Owiv
55 Oup Ot
One arrives at the expected result: v,5 = dk.5/dlog u is given by the same expression as

obtain the 7.5 in terms of the coeficients of the operators {O of our basis.

Vv~ but with the corresponding CP-odd coefficients instead of the CP-even ones.

6 RGEs for k,z and K.z and a new basis

If we try to obtain the RGE for k.7 in the same way as for x,,, we face the complication
that x,z depends not only on ¢z, ¢}y and ¢y g, but also on ¢}, 5 and ¢y, and these
coefficients were not included in the calculation presented in ref. [3]. In other words, one
would need to calculate the anomalous-dimension matrix elements b} ; for i = {HW, H B}
and j = {WW,WB, BB}, or, in our basis, to complete the 3 x 3 anomalous-dimension
matrix for kg, kgw, KHB-

We can circumvent this difficulty by realizing that the operators Oww, Opp and Ow g
do not enter in the (one-loop) RGEs for ¢y, and ¢ 5, so that the matrix elements required

5We have 0O(4) ~ SU(2)r, x SU(2)r x Prr under which Prr interchange L <» R. Under this Prg we
have cgw <> cup. To make the transformation properties under this symmetry more manifest, it is better
to work with Ow g, which is even under Pyr, instead of Opp.

— 11 —



\\
N g ,
N e 9,9
(47474 cvvvl® 000 E------
, L

s

Figure 1. The only two diagrams that could give a contribution (at one loop) from Oww,
Opp and Owp (with coefficient generically denoted as cyvy+ in the figure) to the renormal-
ization of Ogw and Opp (or to Ow and Op).

to get 7,z are in fact zero. In order to see this, notice that both Oy and Opp include
the trilinear pieces (with two Higgses and one gauge boson):

Opw = 2ig(0"H) 0*(0" H)0, W + -+,
Onp = 2ig/ (0"H)' (0" H)0uBy + -+, (6.1)

while Oww,Opp and Ow g have two Higgses and at least two gauge bosons. Therefore, in
order to generate (at one loop) trilinears like those in (6.1), the only possibility is that one
of the two gauge boson legs is attached to the other gauge boson leg or to one of the Higgs
legs (see figure 1). In the first case (figure 1, left diagram) it is clear that the resulting Higgs
structure for the operator generated is either |H|? or HT¢®H and not that in (6.1) (in fact,
the diagram is zero). In the second case (figure 1, right diagram) the only structures that
result are either O*HT0"(HB,,,) or O*H1o%0" (H W},), which give zero after integrating
by parts.

We can therefore extract +y, 7 following the same procedure used for 7, in the previous
section, and we obtain

7 1
167,z = Kz |6y7 + 12X — 592 — 79/2 + (kHw + KHB) [292 —3e% — 2\ cos(260,)] ,

2
(6.2)
and a similar expression for 7_~ with the corresponding CP-odd operator coefficients in-
¥
stead of the CP-even ones.

The arguments we have used to prove that Oww,Opp and Owp do not enter into
the anomalous dimensions of Oy and Opp can be applied in exactly the same way to
prove that they do not generate radiatively the operators Oy and Op which have exactly
the same trilinear structures displayed in eq. (6.1) for Ogw and Opp. This immediately
implies that the 5 x 5 matrix of anomalous dimensions will be block diagonal if instead of
using the bases in (4.4) and (4.5), we use instead the basis

B3 = {Ogg, Oww,Owg, Ow,Og} . (6.3)

— 12 —



Calling ¢;, &; the operator coefficients in this basis, we have

KBB KBB
Rww - Rww
I (PP (6.4)
dlogp | VP O2x3 X wE '
cw
éB éB

Taking the anomalous-dimension matrix in the simple form (6.4) as starting point, it
is a trivial exercise to transform it to other bases. In the GJMT basis one gets

/ /

BB CBB
/ /
C A C
d c"/VW = by CI’/VW (6.5)
wB | = & WB . .
dlog 1 ) Ooxg X )
Caw Caw
/ /
CHB CHB

The 3 x 3 upper-left block is therefore given by the expression calculated in [3]:

) (69122807 + 197 0 ) 3922
F=1—3 0 6y7 + 12X — 39° — 3¢/ g :
29" 2¢” 6y7 + 41+ 59° — 39"
(6.6)

while the 2 x 2 lower-right block X has not been fully calculated in the literature. This
lack of knowledge affects also the 3 x 2 block Y, which depends on the entries of X.
In basis B; one gets instead:

KBB KBB
K K
d HHW _ r 0352 HHW .
dlog 1 HB v X HB | > .
cw cw
CB CB
where now
2
) 6y7 + 12X — 3¢% — 3¢/ 3% —2) ) 392—2%
=163 0 632 + 12\ — %gQ — %g’ q ,
—8¢"” 9% — 8 6y? + 4\ + 59% + 19

(6.8)
while Y is also dependent on the unknown coefficients of X .5 We can reexpress [' in terms
of the physically relevant combinations of coefficients -, and -z defined in (3.2) plus the

orthogonal combination K.+ = kgw + kgp. One gets

d Keyy Keyy
—T , 6.9
dlog vz ol 2 (6.9)
Rort Rort

Note that the lower-right block X is exactly the same in all the three bases considered.
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where

. 6y? + 12\ — 5¢2 — 3¢ 0 362 — 2\
To= 153 0 6y + 121 — Tg? — 1g° 297 — 32 — 2Xcos(20,,) |
1p2 4.2 /2 2 1,2 , 1.2
16e 4g° + 4g 6y; +4X+ 597+ 39

(6.10)
from which we explicitly see that x,z does not renormalize ., and vice versa.

We have seen that the expression for the anomalous-dimension matrix takes the sim-
plest block-diagonal form in basis Bs. This basis has also the virtue of B of keeping sep-
arated current-current operators from one-loop suppressed ones. Indeed, using eqs. (4.2)
and (4.3), we can reach Bs from Bj by trading two one-loop suppressed operators, Oy
and O g, by other two one-loop suppressed ones, Oww and Oy . In spite of the fact that
the anomalous-dimension matrix gets its simplest form in basis B3, there are other advan-
tages in using basis B;. For example, in B; only one operator contributes to h — -, while
there are three in basis Bs. Also Bj is a more suitable basis to describe the low-energy
effective theory expected for a pseudo-Goldstone Higgs boson [5], as it clearly identifies
operators invariant under constant shifts H — H + c.

7 Dipole operators

The above analysis can be easily extended to include contributions from operators in-
volving SM fermions. We will limit the discussion here to the up-quark sector, having in
mind possible large contributions from the top. The extension to other SM fermions is
straightforward. We organize again the operators as tree-level and one-loop suppressed
ones. Among the first type we have the operators already given in eq. (2.5), eq. (3.4),
apart from four-fermion operators. In section 3, however, we already showed that they
cannot contribute to the anomalous dimension of the operators (2.7)—(2.12) at the one-
loop level. Among one-loop suppressed operators made with SM fermions, we have the
dipole operators

Opp = YuQro" ur ﬁg,B,u,l/:
Opw = yuQro" ur o HgWe, |

Opg = yuQLU;WTauR ﬁgsG (7'1)

a
pv

where T are the SU(3)¢c generators. These operators can, in principle, give contribu-
tions to other one-loop suppressed operators, as those relevant for h — vvy,vZ. We have
calculated that, indeed, such contributions are nonzero:

167?2777 = SyZNCQuRe[/ﬁDB + kpw],
167775 = —8yaNeQulm[kpp + Kpw],

1 1
16727, 7 = 4y2N, { <2 - 4Qu5121;> Relkpp| + (2 + 2Qu02w> RG[KDW]} ;

1 1
16#2775 = —432N, { (2 — 4QUS%U> Im[kpp] + (2 + ZQu02w> Im[nDW]} , (7.2)

— 14 —



where N, = 3, @, = 2/3 is the electric charge of the up-quark, ca,, = cos(26,,), and the &;
are the one-loop suppressed coefficients of the operators of eq. (7.1), i.e. £ = r;O0; /A% +h.c..
In the Bjs basis, eq. (7.2) arises from

i 0 ve+vye\ ,
U | = [y " <HDW) (7.3)
dlo A 1672 P ’ '
SH\ awn —(YE YR —1/2 DB

where Y}* = 1/6 and Y}y = 2/3 are the up-quark hypercharges. Similar results follow for
the RGE of the Higgs couplings to gluons, kgg and HG@’7

167%vge = 4y°Rerpa] 167T2’)/GG = —4y2Im[rpg] . (7.4)

8 The S parameter

As we have shown above, the Wilson coefficients of the current-current operators (2.4)—(2.6)
do not enter in the one-loop RGEs of the x;, but only in their own RGEs. In particular, the
only operators with two Higgs bosons and gauge bosons affected by cy 7 at one loop are
Ow and Op and not those relevant for h — vv,vZ. Indeed, an explicit calculation gives
dep g%{

(e + er) Yem+ser). (81
C C = = — —\C C . .
H+cr), B dlog 1 16,2 3\CH T

_dew _79%1 1
~dlogp 1672 3

w

In the basis By of section 2, these are the only two Wilson coefficients that enter in the S-
parameter [12]. We have S = 4mv?[ey (mz) + cp(mz)]/A? where cw, g(myz) is the value of
the coefficient at the Z mass. The contributions from eq. (8.1) to ey, p(myz) can be sizeable
for g > 1 [13], although the value of ¢ is highly constrained from the T-parameter [5].
The anomalous dimensions 7y and yp can also receive corrections proportional to cy,p,
or from one-loop suppressed operators, such as Opp. Nevertheless these contributions are
not expected to be sizeable. The coefficients ¢y and cp already contribute at tree-level
to S, while the contributions to S from &; are expected to be small, 5y = O(k;/(1672)).
Notice that basis B; makes very clear the separation between the relevant contributions
to S that come from tree-level operators and those to k., which are from one-loop sup-
pressed operators.

In the GJMT basis the contribution to S arises from the operator Oy g and one has
S = 16mv3cy, g(mz) /A% In ref. [3], a partial calculation of the anomalous dimension of
Ow p was given. Nevertheless, if the interest is to calculate the running of ¢|;, 5 in universal
theories in which cy and cp encode the dominant effects [apart from cy r whose effects
are given in eq. (8.1)], one also needs, as eq. (4.9) shows, to include the effects of ¢y,
and ¢/ 5 given in ref. [14-16]. This is again due to the fact that the GJIMT basis mixes
current-current operators with one-loop suppressed ones.

Finally, let us comment on the relation between our basis and one of the most used in
the literature, the one originally given in ref. [10]. After eliminating redundant operators,

"This contradicts the results of ref. [8], which finds a cancelation of the logarithmic divergence responsible
for the non-zero yg¢. A similar cancelation found in [9] has been however recently corrected, as C. Grojean
and G. Servant have pointed out to us.
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one ends up with 59 independent operators as listed in ref. [11]. This basis also keeps
separate tree-level operators from one-loop suppressed ones. The set of one-loop suppressed
operators is different from ours though: they use {Oww, Ow s, O Ow 5 instead of our
{Ouw,Onp, O 445, Oyt The change of basis is given in eqs. (4.2), (4.3), (5.7) and (5.8).
For the tree-level operators they use the minimal set of 3 operators made of SM bosons, in
particular O, O and Og, while the rest of operators involves SM fermions: those given in
eq. (2.5), eq. (3.4) and four-fermion operators. As explained in the appendix, we can reach
this set of operators from our basis by performing field redefinitions. The basis of refs. [10,
11] is, however, not very convenient for parametrizing the effects of universal theories.
Although only a few operators parametrize these theories in our basis (see section 2), in
the basis of refs. [10, 11] they require a much larger set of operators. In particular, the two
tree-level operators Oy and Op are written in the basis of refs. [10, 11] as

2

3 1 1
ew Ow —>ng7 —50H+2(’)6+§(’)y+12(’)£(3) 7
9y 7
12 1 1
505 = e | =50r+ 530 (V0L +Y{0F) (5.2
"
!

where YLf and Y}’; are the hypercharges of the left and right handed fermions, respec-
tively. We can see from (8.2) that the Wilson coefficients in the basis of [10, 11] are
correlated, so that one should include them all in operator analyses of universal theo-
ries. As far as the anomalous-dimension matrix is concerned, the basis of [10, 11] keeps
also the same block-diagonal form as the basis of Bj, since loop-suppressed operators

{OBBa OWW» OWB) Op5,0

55 Owiv Ow é} do not mix with current-current ones.

9 Conclusions

After the recent discovery of the Higgs boson at the LHC, it is natural to start precision
studies of the Higgs couplings to SM particles. The h — v~ decay is of special importance
because of its clean experimental signature, and also because its measurement hints at a
possible discrepancy with the SM prediction [1, 2]. In this article we have analyzed potential
effects of new physics in this decay rate (together with the closely related one h — vZ2)
following the effective Lagrangian approach, where one enlarges the SM Lagrangian with a
set of dimension-six operators. The choice of the operator basis has been crucial to make
the calculations simple and transparent. We have shown the convenience of working in
bases that classify operators in two groups. The first is formed by operators which can
arise from tree-level exchange of heavy states under the assumption of minimal coupling.
This group contains operators that can be written as a product of local currents. A second
group contains operators that are generated, from weakly-coupled renormalizable theories,
at the loop-level, and thus have suppressed coefficients. Following this criteria, we have
defined our basis in eq. (2.2), where we have symbolized the Wilson coefficients of the
operators of the first group by ¢;, and ¢;,, while the Wilson coefficients of the second
group, which contain a loop factor, have been written as r;,.
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The operators relevant for h — ~v,vZ are, as expected, of the second group, specif-
ically Opp, Ogw and Ogp and their CP-odd counterparts. We have been interested in
the anomalous dimensions of these operators that can be generically written as

dr
16W2ﬁ = bisinCin + O bisinCin + D bjsishis » (9.1)
sH i1 12 i3
where j3 = BB, HW, HB,BE,HW,HE. The main purpose of this article has been to
calculate bj, ;, and bj, ;,. Since the corresponding coefficients ¢;; and ¢;, can be of order one,
the RG evolution can enhance the new-physics effect on k;, by a factor log(A/my). Our

main result is that such enhancement is not present, because the corresponding elements
of the anomalous-dimension matrix vanish

bjs,il - bj37i2 =0. (9'2)

Therefore, tree-level (current-current) operators do not contribute to the RGEs of the
one-loop suppressed operators relevant for the vy and vZ Higgs decay. This differs from
ref. [3], which claims that such enhancement exists. Nevertheless, we have shown that the
results of ref. [3] can be put in agreement with our result when one takes into account
all operators in their basis. The anomalous-dimension matrix elements b, ;, are however
nonzero. Using ref. [3], we have been able to calculate these elements for the case of kpp
relevant for h — 7. The result is given in eq. (5.6) (and its CP-odd analog).

We have also obtained the RGEs for kgw and kgp, eq. (6.7), which affect the decay
h — ~Z, by realizing that the operators Opp, Oww, Owp (used in [3]) do not renormalize
(at one-loop) Ogw, O p (nor Oy, Op). Exploiting this fact, we have further clarified the
structure of the anomalous-dimension matrix for these operators, showing that it takes a
particularly simple block-diagonal form in the basis B3 of eq. (6.3). The tree-level operators
Op and Oy do not mix with the one-loop operators Oww, Opp, Owp and vice versa, as
eq. (6.4) shows. Enlarging this basis with dipole-moment operators for the SM fermions,
we have further computed the effect of such dipoles on h — vy, ~vZ.

To conclude, we have discussed how the appropriate choice of operator basis can shed
light on the physical structure behind the renormalization mixing of operators and reveal
hidden simplicities in the structure of the matrix of anomalous dimensions that describes
such mixing.
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A Change of basis by field redefinitions
The following field redefinitions
H— H(1+ alg%{]H|2/A2) , H— H(1- agg%{mQ/AQ) + ang% (D*H)/A?,

4 <>
By — By +igag(H'D'H)/A*, WS — Wi+ igaw (H c*DFH)/A?,
B, — By, + aap(0”B,,)/A?, Wi — Wi+ aow (D"W,) /A2, (A1)

where the «; are arbitrary parameters, induce the following shifts in the coefficients of the
dimension-six operators of eqs. (2.4) and (2.6) plus Oy = \DiH\Q:S

cg — e+ 2(a1 + 2 ) — awg? /g%
cr = ¢+ 2(a1 + 22aw) + 2awg? /9%,
cg — cg — 4day
cr — Ccr — 0639/2/9%{,
cgp — ¢ —2ap — 2B,
cw — cw — 2aw — aow ,
Cow — Cow — 20w,
2B — C2B — 2028,
Ca4 — CK4 — 20207 - (A.2)

Notice that only operators of tree-level type are shifted. This is not a coincidence: dia-
grammatically, a field redefinition ® — ® + J[¢;, ¢;,...] (with J some current with the
same quantum numbers as ® and dependent on some other fields ¢;) corresponds to a ®
leg splitting in several ¢; ;... legs. Then, an operator generated by such field redefinition
corresponds to a tree-level diagram with a heavy state of mass ~ A (with the same quantum
numbers of ®) as an internal propagator.

Using this shift freedom, we can trade 6 out of the 9 tree-level operators listed in
section 2 (Oyq is irrelevant for our discussion) and leave only Oy, O and Og plus operators
made of fermions: those in (2.5), (3.4) and four-fermion operators. The shift parameters
are arbitrary, and therefore physical quantities can only depend on the three following
shift-invariant combinations (we reserve capital letters for such physical combinations of

coefficients):
3 2
Cy =cy—c — %(QCW —caw)
9u
g°
Cr =cr— F(QCB —C2B)
9n
g’ A
Ces = c6 + 2¢, + 5 (2ew — cow) +4—5-CKa - (A.3)
9u 9u

8Shifts of order m?/A? are also induced on the renormalizable dimension-4 SM operators.
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One concern in analyzing operator renormalization (for instance if one is interested in
calculating the renormalization group equations for the ¢; Wilson coefficients) is that the
redundant operators we have decided to remove from the Lagrangian might be generated
radiatively anyway. The simplest way to deal with that complication is to write RGEs
for the C;’s, the physical combinations of coefficients, which must only depend on the C;’s
themselves. In those equations one can then consistently set equal to zero the coefficients
of the redundant operators appearing implicitly in the C;’s. In our particular example, this
means that the RGEs of all our tree-level operators can be reduced to a 3 x 3 anomalous-
dimension matrix for C'y, C'r and Cg. For this reason, the main question discussed in this
paper about the possible mixing of tree-level operators with loop-induced ones through
their RGEs, reduces to the question of whether O, Or and Og do mix with them.

The field redefinitions listed in eq. (A.l) also induce shifts of the coefficients
of dimension-six operators that involve fermions. In addition, further field redefini-
tions of fermions themselves [like frr — frr(l + ap ,|H|*/A*) or B, — B, +
P a?L,R(fL7R%fL7R)/A2, etc.] can be used in the same way to remove many of these
fermionic operators. Besides 4-fermion operators, the operators involving only fermions
plus gauge bosons can be eliminated completely by such shifts and the list of dimension-six
operators with Higgs and fermions can be reduced to operators of the type O, (’)j-j, O};
and O{(S).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License which permits any use, distribution and reproduction in any medium,
provided the original author(s) and source are credited.
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